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ABSTRACT.  The first result of the paper is that the question of defining

a submultiplicative seminorm on the commutative unital C* algebra C(i2) is

equivalent to that of putting a nontrivial submultiplicative seminorm on the alge-

bra of infinitesimals in some nonstandard model of C.  The extent to which the

existence of such a norm on one C(47) implies the existence for others is investi-

gated.   Using the continuum hypothesis it is shown that the algebras of infinites-

imals are isomorphic and that if such an algebra has a submultiplicative norm (or,

equivalently, seminorm) then, for any totally ordered field I containing R, the

R-algebra of infinitesimals in f has a norm. A result of Allan is extended to show

that in the particular case when t is a certain field of Laurent series in several

(possibly infinitely many) unknowns then the infinitesimals have a submultiplica-

tive seminorm.

1.  Introduction.  In this paper we prove a number of results related to the

question of whether C(£2), the algebra of continuous complex valued functions on

the compact space Í2, has a submultiplicative norm not equivalent to the usual sup

norm. Bade and Curtis [2] showed that this is équivalent to the problem of

putting a nontrivial seminorm on the algebra C(Í2)/3(F) where F is a finite sub-

set of £2 and 9(F) is the set of all functions in C(fi) which are zero in some

neighbourhood of F.  We extend this by replacing 9(F) by 9(F) where F is a

finite subset of the complement of Í2\F in its Stone-Cech compactification and

9(F) is the set of/G C(£2) which, when restricted to Í2\F and then extended to

ß(Sl\F), are zero in a neighbourhood of F   Since C(í2)/?í(F) is a direct sum of

the C(£2)/3(co), co G F, the question is one of norming C(i2)/9(co). When Í2

is the Stone-Cech compactification of the integers the algebras C(i2)/3(co)are the

complexification of the algebra of finite elements of a nonstandard model of the

real numbers.

In §3 we see the extent to which the existence of a nontrivial seminorm

on one C(S2)/9(co) implies the same for all others. We see that if C(Í2) has an

incomplete submultiplicative seminorm for some compact il then it has such a

seminorm for all compact metric SI. The results in this section were inspired by

some unpublished work of A. M. Sinclair. The central result in §4 extends a

result of Erdös, Gillman and Henriksen [4, Theorem 13.13] which states that,
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under the continuum hypothesis, all real-closed 77, -fields of cardinality 2 ° are

isomorphic. The extension is that if the fields both contain R then the isomor-

phism can be chosen to be the identity on R.  As a corollary to this the results in

§2 can be improved; e.g. if any C(Í2) has an incomplete norm so does every other

infinite dimensional C(Q). Another corollary is that the algebra of infinitesimals

in a nonstandard model of R has a norm if and only if the algebra of infinitesimals

in any totally ordered field containing R has a norm. In §5 we extend the result

of G. R. Allan [1, Theorem 2] to show that certain algebras of power series with

several variables (possibly infinitely many) can be normed. The general method is

that of [1]. These algebras are algebras of infinitesimals in a totally ordered field

and so, by the results of §4, norming these algebras is necessary if C(i"2) is to have

an incomplete norm. In §6 we embed the power series algebra in the algebra of

finite elements in an ultrapower of R without using the continuum hypothesis.

2.  Extension of the results of Bade and Curtis.  Let £2 be a compact topo-

logical space and v an algebra homomorphism C(Í2) —► 8 where B is a Banach

algebra. We shall extend Theorem 4.3 of [2] by making a more detailed analysis

of the open sets G such that the restriction of v to

{/;/ G C(Í2), /(co) = 0 Veo G Í2\G} = 1(Í2\G)

is continuous. We shall denote the set of all these sets by G (this is not the same

object as @ in [2] ).

Lemma 2.1. If Gx, G2, . . .   are disjoint open sets in Í2 then G¡ G G for

all but a finite number of values of i.

This is merely a corollary of [2, Corollary 5.3].

Lemma 2.2. 7/Glf G2 are cozero sets in G then Gx U G2 E Q.

A cozero set is a set of the form/-1(C\{0}) where/G C(Í2).

Proof.  If g, h E C(Sl), G x = g~1(C\{0}), G2 = h~l(C\{0}) and/G

H(n\(Gx UG2))then/= |*|(|*| + |A|)-1/+l*l(l«?l + l*l)_1/on Gt U G2.

Put*, = \g\(\g\+\h\-l)f,g2 = \h\(\g\ + \h\)-1f on Gx U G2 and extend

to Í2 by putting gx = g2 = 0 on Ü\(GX u G2). Then gx E C(i2) and so gx G

ySl(£l\Gj); the map/—*gx is continuous so the map/—► (gx, g2) —*■ (v(gx),

"(fa)) ~* "(/) = "tei) + "tea) is continuous l(S2\(Gj U G2)) -* 35.

Lemma 2.3.  supGeG||t>|i(ft\G)||<°o.

Proof.   Let p(G) = |M!(fi\G)|| for GEG. The proof of Lemma 2.2

shows that for cozero sets Gp G2, p(Gx) + p(G2) > p(Gx U G2). Since 3(S2\G)

= { /;/G C(Í2), supp/Ç G} is dense in !(fi\G) we have, for G G G, p(G) =
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sup p(G *) where G* ranges over the cozero sets with closure in G. If the lemma

is false we choose a sequence {G¡} of cozero sets from G inductively by taking

G0 = 0, G/+ j a cozero set withp(G¡+ x)>i + p(G¡), Gi+ , = G, U G'i+,, and

hence {G(.} is increasing, p(Gi+l)> i + p(G{). Now choose G0* = 0 and for

each i > 0, G * a cozero set in G with G * ç G¡, G *_, ç G,.*, p(G * ) > p(G.) - 1.

We have

p(G*\G*_x) > p(G*) - p(Gi_x) > p(Gt) - 1 - p(Gi_l) > i - 2,

which is impossible by [2], Corollary 5.3 as the sets G*\G*_X are disjoint.

Lemma 2.4. Let SlQ be an open subset of SI. Then ßSl0 contains a finite

subset E such that if G is open in Sl0 then either G D E is nonvoid or G EG.

Here G denotes the closure of G in ß SlQ.

Proof.   Let F = { co; co G ßSl0,N n Í20 G G for all open neighbourhoods

N of co}. F is finite because if it were not we could find a sequence {co,} in

ßSl0 and an open neighbourhood N¡ of co,- for each / with N¡ dN- = 0 for i* =£ /.

We would then have {N. n Sl0} as a disjoint sequence of open sets in SI, none of

which is in G, contradicting Lemma 2.1.

If G n F = 0 choose an open neighbourhood A/w for each co G G with Nu

nSl0EG.  Let f^E C(ßSl0) have fu(u) - l,/w « 0 outside Nu and put N'u

= /J1(C\{0}), so that uEN'^CN^ and, in particular, A/^, C\Sl0EG. By

compactness there are co,, . . . , co„ G G with G C N'u   U • • • U N'w . Put G¡

= Sl0 D N'u . Let G' CG be a cozero set in SI.  Because G' is a cozero set in

SI with G' C SlQ and each G¡ is a cozero set in Í20, G. n G' is a cozero set in SI

(it is (/¿?)_1(C\{0}) where /= 0 on C\Sl0,f = fw on Sl0,g G C(Sl) with G'

= g-1(C\{0});/£ is in fact continuous on SI). Thus G' = (GX n G') U • • • U

(Gn n G') G G by Lemma 2.2.  Hence, using Lemma 2.3, we see GEG.

One might seek to determine the collections G ' of open sets in SI which

satisfy the conclusion of Lemma 2.1 and other, more elementary, properties of G,

for example any open subset of a set in G is also in G and any finite open set in

Í2 is in G. If Sl0 = N, and SI is the one point compactification of N then the

alternatives in Lemma 2.4 are mutually exclusive and only possible collections G'

are the set of all open subsets of SI and

{5;5ÇN,5C U,- i=l,...,n},

where Ux, . . . , U„ are free ultrafilters on N.  For more general spaces the situ-

ation is not so simple and the conclusion of Lemma 2.4 with SlQ = \J G= Sl\F,

where F is the singularity set of Bade and Curtis, gives a sufficient condition for

a set to be in G which is by no means necessary.
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We now introduce some more notation. As F does not contain any isolated

points of Í2, Í2 is a compactification of Í2\F.  Thus there is a continuous map

a: ß(Sl\F) —* £2 which is the identity on Í2\F.  Applying Lemma 2.4 with fi0 =

fi\F we have aE = F.   Let U G F and put

31(F) = {/;/G C(Í2), /(co) = 0 for all co G F},

9(ü) = í/;/G 31(F),/o a = 0 on some neighbourhood of U in 0(Í2\F)},

1(10 = I(F)/9(U) = 3P(aÜ)/?t(U).

I(ü) depends on U but is unaltered if F is replaced by any other finite set con-

taining all.

Lemmas 2.3 and 2.4 and the same methods as are used in [2, Theorem 4.3]

enable us to prove

Theorem 2.5. Let v be an algebra homomorphism of C(£2) into a dense sub-

subalgebra of a Banach algebra B.   Then there is a closed subset Í2' of Í2, a finite

set F CD.', a finite set E C_ 0(Í2\F)\(Í2\F) and an algebraic and topological

isomorphism y of £ onto B such that v = ipty, where

(i) For lief, Su is the completion of I(U) in a nontrivial submultipli-

cative seminorm, i.e., the completion of the quotient of I(U) by the kernel of

such a seminorm.

(ii) £ = C(fi') ©»„©•••©»..

where Ux,..., Un are the points ofE, the Banach space structure is the direct

sum and multiplication is the commutative operation determined by

(/, 0,. .., 0) (g, 0.0) - (fg, 0, .. . , 0),

(0, rx,. . . , rn) (0, s,,.. ., sn) = (0, r, s,,. .. , rnsn),

(/, 0, . . . , 0) (0, r,,. . ., rn) - (0, /(a(U1))r1,. .., /(o<Un))r„),

/,sec(nV,,s,-€ftiY

(in)  iK/) = (/|n',r,,...,r„)

r 6e/«£ f/ie element of 3?u. corresponding to any element o/l(F) wA/cA w

equal to f - f(a(U¡)) in some neighborhood of a(U¡).

The important feature of this result is that it demonstrates the equivalence

between the problem of putting an incomplete algebra norm on C(£2) and the

problem of putting a nontrivial algebra seminorm on the algebras I (U).

3. Norming C(Í2) and norming algebras of infinitesimals. Let V be a free

ultrafilter on N, s the algebra of all sequences of complex numbers with point-

wise operations, ?S(f ) = {a; a E s, a~ 1(0) E \J } a maximal ideal in s, *C(\J ) =
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s/9(f), i(l/) the image in *C(l/) of those elements a of s with lim „ a = 0 and

i 0(l/) the image of c0 in *C(l/). We shall frequently write merely i, i 0, *C

fori(l/),i0(l/),*C((/).

Lemma 3.1. Let SI be an infinite metrisable compact space, co0 a noniso-

lated point of SI and HE ß(Sl\ {co0 })\(Í2\ {co0 }).  Then there is an algebra

homomorphism </>: c0 —* I(U) with 1(U). Im <p = 1(U).

Proof.   Let d be a metric in SI giving the topology and let

G„ = {co; co G SI, (2n)~1 > d(o3, co0) > (2n + 3)"1},

G0 = {co; co G SI, c/(co, co0) > 3-1}

and put G   = U"=o ^2n + i» ^e ~ U"=o ^2n.   Ü can be considered as an ultra-

filter of relatively closed   sets in íí\{co0}. We have G° = G n (£2\{co0}) for

some neighbourhood G of U in ß(Sl\{oj0}) if and only if G° contains a set from

Ü. Thus either G° =GC\ (Í2\{co0}) or Ge = G n (fi\{co0}) for some open

set G in j3(£2\{co0}) containing U. For definiteness we assume Ge =G n

(Í2\{co0}).

Let pn E C(Sl) with p„ = 1 on Gn, pn = 0 on Gm fot m^ n - l,n,

77 + 1. Let q be the quotient map l(co0) —+ 1(U) and i// the map c0 —» C(i2)

defined by i//(a) = 2 a„ p2n. Then i/í is linear and, on Ge, i//(aft) = ^(a)\¡i(b),

a, b E c0. Thus v? = cj t// is the required algebra homomorphism. If/G l(co0)

put ft„ = sup^gQ     |/(co)| (ft„ = 0 if G2n = 0). Then i£f0 and there exists

c,dE c0, cn>0,dn>0 with ft„ - cnc/„. Let ^0 - d~lfon G2n,g0(co0) - 0

so that ^0 GC((U^2n)~) ^^ h38 a continuous extension ^ G C(Í2). We have

Í G l(co0) and on G2n, ^(d)g = d„d~1f = f so <p(d)q(g) - </(/).

The following result is related to [8, Corollary 4.4].

Theorem 3.2.  (i) // SI is a compact topological space such that C(Sl) has

an incomplete submultiplicative seminorm then t „(1/ ) has a nontrivial submultipli-

cative seminorm for some ultrafilter 1/ oti N.

(ü) // i 0(f ) has a nontrivial submultiplicative seminorm for some ultra-

filter 1/ on N then C(Sl) has an incomplete submultiplicative norm for every in-

finite compact metric space SI, and more generally, for every compact topological

space with a nontrivial convergent sequence.

Proof,  (i) If C(Sl) has an incomplete seminorm then there is a discontinu-

ous homomorphism v: C(Sl) —► £ [2, Theorem 4.4]. Hence there is a separable

closed * subalgebra U of C(Sl) containing 1 with v \ U discontinuous.  We have

SI « C(Sl*) where Í2* is a compact metric space. Now apply Theorem 2.5 giving

co0 G £2* and U G 0(í2*\{too}) such that I(U) has a nontrivial seminorm p.   Let
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ip be the map in Lemma 3.1. Thenp o <# is an algebra seminorm on c0 giving

rise to a homomorphism v': c0 —► B' for some Banach algebra B'. The kernel of

p is a proper ideal in I(U) whereas Im y lies in no proper ideal. Thus v' # 0.

However if a E c0 has finite support then \p(a) is 0 in a neighbourhood of co0 so

v'(a) = 0. This shows that v is not continuous and so, applying Theorem 2.5 we

see that there is an ultrafilter 1/ on N such that iQ(V) carries a nontrivial multi-

plicative seminorm.

(ii) Let {co„} be a sequence of distinct points of SI with limit co where,

for all n, co # co„. The map 8 : f—> { /(co„)} is a continuous algebra homomor-

phism of C(Sl) onto c. If i 0(|/ ) has a nontrivial submultiplicative seminorm then

the construction in Theorem 2.4 gives a discontinuous homomorphism v: c —* B

for some Banach algebra B. vd is then a discontinuous homomorphism of C(Sl).

into B.

Theorem 3.3. // there is a nontrivial submultiplicative seminorm p on

i(V) for some 1/ and SI is an infinite compact topological space then there is a

discontinuous homomorphism of C(Sl) into a Banach algebra.

Proof.   First of all we show that there is an ultrafilter 1/ ' on N and a semi-

norm on i(l/') which does not vanish on i0(l/').  Let a G /°°(N) with ||a|| < 1,

lim y an = 0 and pqa =£ 0 where q is the quotient map s —► *C(l/ ). Put V. =

{«; n E N, \a'n\ </-1} and let a: N —> N be defined by a(n) = j if n E

VA V.+ j. Define (u*b)n — ¿>c,(„) so that a* is a unital homomorphism /°°(N)

—* /°°(N).  a 1/ = {a V; VE f} is the base for an ultrafilter I/' on N which is

free because Vj G 1/ and a(Vj) C{ j, j + 1,/ + 2, . . . }. pqa* is an algebra semi-

norm on the subalgebra of /°°(N) of elements b with lim^ b = 0 which is zero

for any b with b~l(0) E \) '. Thus it induces a seminorm p on i(f '). As in the

proof of Lemma 3.1 we show a E qa*c0 i(f) so p is not trivial on qa*c0.

Thus p is not trivial on i 0(1/').

Now choose a sequence {G(.} of disjoint open nonvoid sets from SI and for

each /, co,- G G.. Let ¡p(f)„ =/(co„). Then <p is a continuous algebra homomor-

phism C(Sl) —*■ l°°(N) with closed range containing c. Writing 1 = {/;/G C(Sl),

lim u' ip(f) = 0}, pqa*tp is a seminorm on 1 which is not continuous with re-

spect to the sup norm as pqa* is not continuous on c0 and tp is an open map-

ping with range containing c0.  As C(Sl) is the algebra obtained by adjoining a

unit to 1, pqa*<p extends to a submultiplicative seminorm on C(Sl) which is dis-

continuous.

4.  Results using the continuum hypothesis.   We now turn to a study of

the algebras i(U), i(f ).  Since each is the complexification of a real subalgebra

J(U) or i (I/), the subalgebra of elements corresponding to real valued functions

or sequences, and a real algebra carries a nontrivial seminorm if and only if its
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complexification does, we study J and \ instead.  If E is a totally ordered field

containing R as a subfield then

t° = {k\kE t,-q<k <q for alley G Q+}

is the algebra of infinitesimals in í. We use Q+ rather than R+ in the definition

because Q can be embedded in £ in only one way whereas the embedding of R

is not unique.  £ ° is a real algebra if we take ak, a E R, k E E° to be a prod-

uct in   E. Similar remarks apply to

t* = {k;kE t,-q<k<q for some q E Q+}

the algebra of finite elements of E.   £# is the algebra obtained by adjoining a

unit to E ° so every element a of E * can be expressed uniquely as f(a) + b where

f(a) E R, b G £ °. / is an order preserving homomorphism of £ * onto R. When

(/ is an ultrafilter on N, 1(1/ ) = *R(l/ )°.  If U is a free ultrafilter of zero sets in

£2\{co0}, and

§(U)={/;/ecR(i2\{co0}),r1(0)eU}

then *R(U) = CR(£2\{co0})/iç(U) is a nonstandard model of R and there is a

homomorphism J(U)—► *R(U)0 because every real valued function in 9(U) is

in S?(U).

We now show that the various algebras i (I/) are isomorphic.  It follows

from [4, Theorem 13.13] that they are isomorphic as rings but to show that they

are isomorphic as algebras we need to show that there is an isomorphism between

the fields *R(l/) which leaves R invariant.

Lemma 4.1. Let 1,1 be totally ordered fields containing R and let u be

an order preserving isomorphism t —► I. Then gu = f where f is the map E *

—► R defined above and g is the corresponding map I* —* R.

Proof. For a G E#, La = {q; qEQ,q<a} and Ra = {q;qEQ,q> a}

define a Dedekind cut which is the cut associated with f(a). As u is the identity

on Q, uLa — La, uRa = Ra but because u is order preserving uLa — Lua, uRa =

Rua so La, Ra is the same cut as Lua, Rua, which defines gua. Thus fa = gua.

If £ is a field containing R and E' is a subfield then E' is full if £' n {*

is closed under /. If A,B,. . . are subsets of a field then K[A, B, ...] is the

subfield generated by A, B,... .  If t ' is a subfield of f then alg t' is the set

of all elements of £ which are algebraic over I '.

Lemma 4.2. Let I be a totally ordered field containing R Let l' be a

full subfield of t, wER  Then t" =K[t',w) is full.

Proof. We suppose w É. £ ' as otherwise there is nothing to prove. Let

z E £ " n f *.  z can be expressed as a rational function of w with coefficients in
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f ' and, if w is algebraic over t ', we can assume that the degrees of the denomin-

ator and numerator are less than the degree of w. Dividing numerator and de-

nominator by the coefficient of the denominator with largest absolute value we

have
_P(w)_ao+<'iw + '-' +akw

Z ~Q(w) ~ bQ+ bxw + • • • + b,w'

where -1 < b¡ < +1 and one b¡ is 1. We have fQ(w) = f(b0) + f(bx)w + • • •

+ f(b¡)wl =£ 0 because the coefficients are in I ', are not all zero and if w is

algebraic over t ' it is of degree > /. Thus ö(w)-1 G 6*. Similarly we can write

P(w) = c(a'0 + a\ w + • • • + a'k wk) = cR(w) where c E t ', a\ E t ' n i# and

one a'¡ is 1, unless P(w) = 0 in which case clearly f(z) E t". We have R(w) and

R(w)~1 Et#. Thus c = zQ(w)~1 E l# and hence P(w) = cR(w) Et#. This

shows

f(a0) + -'-+f(ak)wk

m =-
f(bo) + -"+f(bl)w'

where the coefficients are in t ' so f(z) E t".

Lemma 4.3. Let t be a totally ordered field containing R, and t ' a sub-

field of t.  Then there is a smallest full extension t" of t',

t"=K(t', t"nR)

and if t ' is denumerable so is i ".

Proof.   For any subfield I of I put E( I ) = K( I, f( l n ï #)). Take

e" = Ur=iE'(e').

Lemma 4.4.  Let t be a totally ordered field containing R and I ' a full

subfield of t.  Then alg I ' is full.

Proof.  If z E t * O alg i ' then we have a nontrivial relation a0 +

axz+ • • • + anz" = 0, ai Et'. Dividing by the coefficient of largest absolute

value we can assume a¡ E t * D I ' and one of the a¡ is 1. Thus

f(fl0) + f(ax)f(z) + • • • + f(an) (f(z)f = 0

where f(a¡) G î ' and some f(a¡) is 1 so f(z) G alg t '.

Lemma 4.5. Let f, I be ordered fields containing R, t ' a full subfield of

I and u an order preserving isomorphism of t ' into I with u — identity on t '

OR   Thenu(t'C\R) = u(l')nR.

Proof.  Suppose a G í ' with u(a) ER. If p, q G Q with p < u(a) < q

then p <a <q so aE t* and p </(a) < q. Thus f(a) = u(a). Since f(a) E t '
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n R, u(f(a)) = /(a) we have u(a) = u(f(a)) so a = /(a) G E ' n R.

Lemma 4.6. Let t be a real-closed r\x-field containing R  Then I has a

dense transcendence base over R.

This is an extension of [4, Lemma 13.11]. Our terminology is that of [4],

in particular §§13.5-13.8.

Proof. First of all we show that if N is the cardinal of E then the trans-

scendence degree of E over R is X. If X > 2 ° then any transcendental exten-

sion of R of degree less than N has cardinality less than X and any algebraic ex-

tension of an infinite field has the same cardinality as the field [4, p. 172].

Suppose K<2 °. Since RCiwe have X = 2 °. Because f is an in-

field, E ° has strictly positive elements. Let y be one and put x = y~l. The map

p —► xp where, if p = rs~l, r, s E Z, s > 0, thenxp is the unique positive solutionz

of zs = xr, is an order preserving map of Q into E with xp E £ \ £ # if p > 0.

Let A C R+ be a basis for R considered as a vector space over Q and for a G A

choose x(a)E £ with xp <x(a) <xq whenever p, q E Q with p <a <q.  We

shall show that the elements {x(a); a E A} are algebraically independent over R.

Suppose ax,. .. ,akEA, mx,.. . ,mk axe nonnegative integers and p G Q with

p <mxax + ' ' • + mkak. Then there existspx,. .. ,pk in Q with px <a¡ and

p <mxpx + • • • + 77ifcpfc so xp < (xPl)mi • • • (xp*)m* <x(ax)mi • • •

x(ak)  k. Similarly if mxax +'" + 777fcak < q E Q then x(ax)m l • • • jc(afc)m*

<xq. Thus putting v(M) = mxax + • • • + mkak if M = x(ax)mi • • • x(ak¡"k

we have xp < M < xq whenever p, q E Q with p < v(M) < q.   In particular, as

the a¡ are rationally independent, v is well defined. Suppose there is a nonzero

polynomial P with real coefficients and P(x(ax),. .. ,x(ak)) = 0 for distinct

ax,.. . , ak E A. Omitting all terms with zero coefficient and dividing by the

coefficient of the monomial M for which v takes its highest value (as the a¡ are

rationally independent M is uniquely determined) we can assume that M has coef-

ficient 1. Let p, q E Q with v(M) >p> q> value of v at all other monomials

in P, and let -ß be the sum of the negative coefficients in P. We have xp <M

= M- P(x(ax),. .., x(ak)) < ßxq < xp'qxq = xp, a contradiction.

We complete the proof by taking the smallest ordinal co* of cardinality X,

indexing the intervals (a, ft), a, 6 G £, a < ft by the ordinals < co* and choosing

for each co < co* an element xu of /w  which is transcendental over

K[R, xa;a< co] by transfinite induction. This choice is possible because

K[R,xa;a< co] and hence its algebraic closure in £, is of transcendence degree

< S over R whereas £ is of transcendence degree N, so £ ¥= alg Ä'[R,*a;a<co]

= £'. Since £' ¥= f we cannot have /w Ç £'.  {xu ; co < co*} is a dense set of ele-

ments of E which are algebraically independent over R and so can be completed

to form a dense transcendence base.
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The following result was first obtained by a different method by N. J. Block

(thesis, University of Rochester, 1965, but otherwise unpublished; see also [5,

p. 145]). The author wishes to thank the referee for drawing his attention to this

reference.

Theorem 4.7. Let t, Í be real-closed r¡x-fields containing R and of cardin-

ality Nj.   Then there is an isomorphism u of t onto I with u\R = identity.

Proof (cf. [4, Theorem 13.13]). Let coj be the first uncountable ordinal,

S, T dense transcendence bases of t, I over R.  Index S, T by the countable

ordinals so S = {sa ; a < coj}, T = {ta ; a < cox}. We shall define for each a <

coj, by transfinite induction, countable full algebraically closed subfields ta, [tt

of t, I and an isomorphism ua of ta onto ta with ua = identity on ta n R

and, forj3<a<co1,s(3G ta,tßE ta> tßC ta, L0 Ç la,ua\tß = uß. We

start the induction by taking 10 = 10 = algebraic numbers, u0 = identity. If

a < coj is a limit ordinal and tß, lß,Uß have been defined for ß < a we put Ea

= UiKa f ß> U = Uß<a t<3 and take ua to be ^ uni(lue maP f a ~* t a with

ua\tß = ußfoiß<a.

Suppose a = ß + 1 and t y, ly,uy have been defined for y < ß.  First of

all we shall extend Uß to I ', the smallest full algebraically closed subfield of t

containing i^ and Sß. If Sß E tß then t ' = i» so we put u = Uß. Suppose

SßE t ß and let rx, r2, . . ., be a transcendence base of £ ' n R over t ß n R

(the base is countable because í ' is countable, the base might be finite or even

void). We shall put t" =~aTgK[t&,rx, . . . ,r„], I" = aÍ¡K[l0,rx.rn]

and define bijective isomorphisms u"; t" —*■ Í" with «° — Uß, un+1\t " = u",

un = identity on t " n R, u"(rn) - rn by ordinary induction. Suppose un has been

defined,   t " and I " are full (Lemmas 4.2 and 4.4) so, by Lemma 4.5, t " n R =

u"(t" n R) = ["OR.  As r„ + 1 is transcendental over t" it is transcendental

over E"nR= ["OR and the proof of Lemma 4.4 with z = rn+ x = f(z)

shows that rn + x is transcendental over I ". Thus un has a unique extension to an

isomorphism u of K [t",rn + x] onto K[ln, rn + x] with v(rn + x) = rn + x. IfxG

tn#,x>rn + x then/(x)>rfI+1. As i" isfull,/(x)G Ia whereas rn + 1 G t"

sof(x)>rn + x. Thus there is q E Qwithf(x)>q >rn + l and so x > q> rn+x.

This conclusion holds trivially ifxGí"\E"    andx>r„ + 1  soifxGE",x>

rn + x then un(x) > un(q) = q > rn + x.    Similarly if x < rn + x then

un(x) <rn + x showing that v is order preserving on tn U {rn + x} and hence on

K[tn, rn + x]   [4, Lemma 13.12].  By the Artin-Schreier theorem [7, p. 285] i>

has an extension u"+1 which maps tn+1, the real-closure of K[t", rn+x] onto

l" + 1, the real-closure of K [ I ", rn + x ].  The proof of Lemma 4.2 shows that if

aEK[t",rn + x] nRthenflGA:[E" nR,r„+1] =r soj>(a) = a.   If a E

tn + 1 OR then the proof of Lemma 4.3 shows that a E alg c.  Both un+1 and
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the identity are order preserving isomorphisms alg c —* I which agree on t so by

[7, Corollary, p. 172] they agree on alg t.  Thus u" + l = identity on £ " + 1 OR.

The u" give an extension u of uB to £ = U £ " = alg K[t *, r,, . . . ].

If s^ G £ then £ = E and u = u. If Sß € f then it is transcendental over E .

Now consider the sets

A = {a;aEt,a<sB}     B = {a; a et,a> s0}.

Because £ is algebraically closed in £ it is real-closed, hence I = u (E ) is real-

closed and so algebraically closed in t. Put

A' = u(A) U {t ; t E T n I, t < u(a) for some a G A),

B' = u(B)U {t;tETr\l,t> u(a) for all a G A}.

Then .4', 5' are countable sets.  Let t E T with A' <t<B'.  Since t G T, t is

transcendental over I and «" extends to an isomorphism u' of K[l, sB] onto

£[ [, t] with m'(s») = f.  u is clearly order preserving on E U {sB} so by [4,

Lemma 13.12] on £[ E , sfl]. Again using the Artin-Schreier theorem we extend

u to the algebraic closure of K[t, sB] in £, which is £ '. If a G E ' n R then a

is algebraic over AT[ E^ n R, rp Tj,. . . ] so a G £ and u (a) = u(a) = a. Put I '

= «'(£ '). By the argument used above to show E " n R = t" n R we see E ' O

R=  ['OR. By Lemma 4.1««'=/ so V n R = E ' n R =/(£'#) =^([ ,#)

and l' is full.   V is algebraically closed for the same reason that I was.

We now repeat the whole procedure with E^, lß, Sß, uß replaced by l',

E ', tß, (u')~l and take ua to be the inverse of the resulting map. This completes

the inductive step.

We define «:U«<Wl £« -*U<Wl l« by «|ïa = «a. Ua<Wl«ais

full and contains S.  Since 5 is order dense, for each a G R there is s G S O t *

with f(s) = a. Thus Ua<u   í a contains R. Since it is also algebraically closed

in £ it is E. Similarly I = \Ja<ux ta-

Corollary 4.8. Let E be an ordered field containing R and of cardinality

K,. Let I be a real-closed tjx-field containing R. Then there is an order preserv-

ing isomorphism uofi into i with u |R = identity.

Proof.  Remarks similar to those at the end of §§13.9 and 13.5 of [4]

apply. By the Artin-Schreier theorem we can assume that E is real-closed. In the

proof we take S to be any transcendence base for E over R and when a = ß + 1

we take E a = £ ' and the induction proceeds as before except that if S is count-

able, Ua<w   ^a *s replaced by (J"=i in • Fox the final extension to E we

use the same procedure as was used to extend from f ̂  to E ', applied transfinitely

if necessary.
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Corollary 4.9. // j (l/0) has an algebra norm for one free ultrafilter l/0

on N then, under the continuum hypothesis, \(\}*)has an algebra norm for every

free ultrafilter \] on N.

Proof.   3(1/ ) = *R(f )° and *R(l/ ) is a real-closed nrfield of cardinality

2 ° containing R.

Corollary 4.10. // [/ is a free ultrafilter on N and 1(1/ ) has a nontrivial

algebra seminorm then, under the continuum hypothesis, it has an algebra norm

(cf [9, §4]).

Proof.  Let t = Â^[*R(l/ ), X], the algebra of rational expressions in the in-

determinate X with coefficients from *R(l/). We order the polynomial ring lexi-

cographically, P > 0 if the term of lowest degree with nonvanishing coefficient

has a positive coefficient, and take the induced order on the quotient field E. E

is a totally ordered field containing *R(f) as the polynomials of zero degree, and

hence containing R. The cardinality of E is 2 °. Put I = *R(l/) and let p be a

nontrivial seminorm on I .  Suppose t0 E I   with p(t0) =£ 0 and t0 > 0.  In

Corollary 4.8 we can take s0 = X. K[t 0, s0] is the field of rational functions

with coefficients from the field of algebraic numbers. Any nonzero element z can

be written in the form

Xm(a0 + axX + • • • +akXk)

(b0+bxX+-"+ b,X')

with a¡, b¡E t0, a0 # 0, b0 ^ 0, m E Z, z E E * if and only if m > 0 and if

m = 0, f(z) = a0/b0 E E 0, if_m > 0,f(z) = 0 G E0. Thus K[E 0, s0] is full and

hence, by Lemma 4.3, tx = al2,K[t0,s0]. If z G E, n R then the proof of 4.3

shows that z = f(z) is algebraic over f(K[t0, s0] *) which we have just shown to

be E 0. Thus E1nR=E0nRandE0 = ï. The sets A, B are the set of non-

positive algebraic numbers and the set of positive algebraic numbers respectively,

also A = A', B = B'. Thus we may begin our induction by taking ux(s0) = t0,

that is,there is an order preserving isomorphism u; t —*■ *R(\J) with u = identity

on R, «(*) = /„.

We show that p o u\j is really a norm. Suppose aGJ,a>0. As X

< qa for all q E Q+, we have a~ ' AT G i. Thus 0 < p(/0) < p(u(a))p(u(a~ **))

showing p(u(a)) ¥=0. A similar argument applies if a < 0.

Corollary 4.11. Let V be a free ultrafilter on N. Under the continuum

hypothesis, if \0(\J)hasa nontrivial algebra seminorm p then so does }(1/).

Proof.   Let E = K[*R(V), X, Y],l = *R(V) where X, Y are indeter-

minates.  First of all we put an order on the ring of polynomials in Y with coef-

ficients from *R. We say P > 0 if P = c(a0 + ax Y + • • • + ak Yk) where c E



NORMING C(Í2) AND RELATED ALGEBRAS 49

*R, c > 0, a¡ G *R# for all /, a, $ *R° for some / and the first coefficient not in

*R° is positive. This gives an order on the quotient field K [*R, Y] and we order

E = K [K [*R, Y], X] lexicographically as in 4.10.

Let t E j0 with t > 0,p(t) > 0. There is w E J0 with w > tl/n for all

7i G N because for each sequence {an} of elements from cQ there is ft G c0 with

bj > anj- for all but a finite number of values of/ . Define «01A = identity,

u0(X) = t, uQ(Y) = w we have an isomorphism of K[A, X, Y] into t = *R

where A is the set of algebraic numbers. As u0 is order preserving it extends to

£ 0 = alg K [A, X, Y].   £ 0 is.full. Applying the induction in 4.7 and 4.8 starting

with this definition of £ 0, u0 we extend u0 to an order preserving homomorphism

w; E—► I. IfaGJwehave -y<a<yin£so - w<u(a)<w which implies u}C

1 0. Thus pu | j is a seminorm on j and an argument similar to that at the end

of 4.10 shows that it is a norm.

5. Norming algebras of power series.  Although they involve the continuum

hypothesis, the results of the previous section suggest the problem of norming E *

for any ordered field E containing R. One such algebra, the algebra of formal

power series is one variable, has been normed [1]. In this section we extend

these results. The field Q(X, E) of formal Laurent series in X with coefficients

from a field E is the set of all expressions 2~=/- an X" where / G Z, an E £. If

i </ and a„=0,i<n<j then 2~=i a„ X" and Z~=/ anX" are identified. We

define

i°nXn+±bnX» = ±(an+bn)X\
n=j n=i n=i

co oo ~

Z «m*m Z Kxn =  £
m=j n = k P=i+k

With these operations C(X) is a field containing a copy of E, the series with

a„ = 0 for 77 =£ 0, which we identify with E.  If E is an ordered field Q(X) is

also an ordered field under the lexicographic ordering. If E is ordered and con-

tains R we put g(X) = { Z~0 OiX1; a¡ EI, a0 G t *}, %(X) is an algebra over

Randg(X)= Ç(*)#.

We now define ordered fields Ca for each ordinal a, corresponding algebras

ga and projections paß; ga —>%ß for a>ß. Put %0 = R = C0, ¡ia+, =

£(*a> Ca)> Sa+i = cK^ce» ̂ a) where for each ordinal a, Xa is an indetermin-

ate. We define pa+,,a+1 - identity on 8a+i,pa+lia (SjLn ai K) = ao>

Pa+i,ß = PaßPa+i a for a > ß.  For a limit ordinal a, ?3a is the projective limit

of the system {g/3;p(37,a>r3>7},an integral domain because each ^ is, by

transfinite induction, and 0a is the quotient field of ?3a. If a > ß, paj3 is the

projection of %a onto the %ß coordinate. paa is the identity on ga.
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For a > ß we define injections i0a of ^ into fta by transfinite induction;

W+i is the injection Qa C Q(Xa,Sa) restricted to ga, //3c(+1 = iaA+iiß>a

and for a a limit ordinal, /? < a, A G g^, ißa (A ) is the element B of fta with

PayiE) = ¡ßyW if « > T > ß, Pay(B) = Pßy(A) if ß > y. We have pa/3/^ =

identity on %ß for ß < a.  Since Qa is the quotient field of fta for all a, ißa ex-

tends to an isomorphsim Q^ —» S±a. We shall identify Q» with its image under

this map so that the Qa are an expanding system of fields. We put 0 =

Ua<co   Qa' 3 = Ua<u>   Sa wfiere wi is the first uncountable ordinal.

Denote the complexification of £a, fta, £ , ft by Sa, (S.a, ffi, S. These can

be defined in the same way as the ft's and Q's but starting from C in place of R.

They are not totally ordered. We are going to map these algebras into a complex

Banach algebra ?[ and it seems more natural to work with the complex algebras

Sa throughout. We shall use pajJ to denote the map §a —► (S^ obtained by

complexifying the original projections.

The term monomial is defined by transfinite induction.  1 is a monomial.

An element of Sa+, is a monomial if it is of the form aX£ where j is a mono-

mial in Sa and n E Z.   An element of ®a where a is a limit ordinal is a monomial

if it is a monomial in .^ for some ß < a. Every monomial can be written

X"lx"2 ' • ' x"k where the n¡ are integers.
al    a2 ak i «

Lemma 5.1.  Let a be a countable ordinal and let A E &a.   Then A is regu-

lar in ga if and only if pa0(A) i= 0.

Proof.  As pa0 is a unital homomorphism, if pa0(A) = 0 then A is not

regular. We prove the converse implication by induction on a. It is obvious for

a = 0. If it is true for some value of a and A E ga+ j with pa+, 0(A) # 0 then

A = 2J1 o atX'a where a0 E ga and pa0(a0) = pat0pa+ua (A) = pa+x0(A) ï

0. Thus a0 is regular in ga and so the inverse of A in ®a+x is an element of

®a+1• If a is a limit ordinal and the result is true for all ß < a, let A E <§a.

For ß < a, pßopaßA = pa0A * 0 so (p^A)'1 exists in <Sß. The (p^A)'1

form the inverse of A in g a.

Lemma 5.2. Let abe a countable ordinal and let A E ga, A ^ 0. Then

there is a monomial M in ®a and a regular element B in Sa with A = MB.

Proof.  The result is obvious for a = 0. Suppose it holds for all ß < a

and let y be the first value of ß with paß(A) =£ 0. 7 is not a limit ordinal so

pay(A) = 2~0 a¡ Xy_ 1. Let / be the first value of / with a¡ + 0. / is not 0.

Since ß    , is the quotient field of g7_j we have af = M'B' where B' is regular

inS7_! and M ' is a monomial in ®y_x. Thus pay (A) = MB" where M =
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M'X'   x is a monomial in §y and B" = B' + 2,"/+, M'   la¡XyJx is regular in

g7 because py0B" = p7_, 0 B'.

We now show that for 7 < ß < a there is a regular element Bß in g^ with

paß(A) = MBB. We have shown this for ß = 7. If it holds for one value of ß

less than a then pa0+1(A) = pa/304) + 2~=1 />„*„" = M50 + Z„~=1 bnX% =

MBß+x where 5p+1 = Bß + S~=, M~lbnXj} is invertible in @p+1. If Ô is a

limit ordinal with 7 < S < a and the result holds for all ß with 7 < ß < 8 then

Mpßß'(Bß) = Pßß'(MBß) = M?0- where 7 < ß' < ß < 8 so, since § ^ is an integral

domain, Pßß'(Bß) = F^- and the Bß define a regular element B6 of Ss with MBS

= P*s(A).
Since 8 a is the quotient field of gam if A is a nonzero element of fta then

/I = A/F where M is a monomial in $a and B is regular in Sa .

21 is the algebra ¿'(O, 1) with convolution multiplication and 21 ' the alge-

bra obtained by adjoining a unit to 21. Every element of 21 is a topological nil-

potent so 21 = Radical 21 '. An element a of 21 is a zero divisor if and only if

/q |a(r)|A = 0 for some e > 0. It is easy to see from this that a is a zero divisor

if and only if it is properly nilpotent. If a is not a zero divisor then a 21 = ?I and

conversely. The nontrivial parts of these results follow from the Titchmarsh con-

volution theorem by methods similar to those of Donoghue [3]. We now select

elements xa of 21 which will be the images of the elements Xa of S .

Lemma 5.3. There is a system {xa ; a < co,} of elements of ÎI indexed by

the countable ordinals withxa& = 21 and xa 2Í1 Ç Xß 21/or a > ß, n G Z+.

Proof.  We proceed by transfinite induction.  Let x0 be any nonzero-

divisor in 21. Suppose xa has been defined.

As [xaxZ U]~ = [xa [*£ a] -] - we See (x£ &)' = 21 for all n E Z+ . Put

/a+1 = Hñ=i x"^- Application of [8, Lemma 3.1] withF„ as left multiplica-

tion byxa shows/a+1 is dense in 21. On/a+1 we define \\x\\n = \\y\\ where j» is

the element of 21 with x£y =x. y is unique because x£ is not a zero divisor.

We put ||jc||0 = \\x ||. This sequence of norms makes /4+1a complete metric space.

The set En = {x; x E 21, x = 0 on [0, tí-1 ]} is a closed linear subspace in 21

which is not dense in 21.  Hence Ia+X n En is a closed proper subspace of /a+1

and, in particular, is nowhere dense in Ia+X. Thus, by the category theorem,

U"= 1 (A*+1 n En) ^ ^a+i so A*+1 contains an element xa+x which is not a

zero divisor in 21.

If a is a limit ordinal we make a similar construction. Writing the ordinals

< a in a sequence {j3„} and putting Ia = C\ß<a xß 212. 0"= x(xB   • • • *,jn)2I

which is dense in 21 by [8, Lemma 3.1] because xB   • • • xB 21 is, we define norms
^1 ^n

|| ||^ on Ia by HjcII^ = \\y\\ where x = Xß y. Again Ia is a complete metric space
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and so contains an element xa which is not a zero divisor.

Corollary 5.4. Ifß<a then y \—*■ xß y maps Ia one to one onto itself.

Proof.  Since the Ia are ideals in 21, y i—+xßy maps Ia into Ia. Because

x0 is not a zero divisor the map is one to one. Suppose a is not a limit ordinal

and x G Ia . Then for each n E Z+ there is yn G 21 with x = x"_, yn. As there

is z E 2I1 with XßZ = xa_x we have x = XßX^Z1 ynz = Xßyxz. Thus, because

Xß is not a zero divisor,yxz = x^I1 ynz, n = 2, 3, .. ., so yxz E Ia . Suppose

a is a limit ordinal and xEIa. Then x = XßW for some w E 21. Also for each

7 with a > y > ß there are yy,zyE 21 withx = xyyy,x7 = xßzy. Thus x^w

= xßxyzyyy   so that w =xyyyzy for all 7 with a > y > ß. This shows

wEIa.

Lemma 5.5. Let abe a countable ordinal and da an algebra isomorphism

® a —► 211 with Ba(Xß) = Xßforß<a. Let it denote the quotient map 21 ' —*

211/Ia+ x.   Then nda has an extension 1// to an algebra homomorphism S a+ x —*

U1/Ia+xwithHXa) = Hxa).

Proof.  Let a E $   . By Lemma 5.2 we have a = X71 • • • Xä 1B where

ßt < a and B E Sa. If ß is the largest of the ß, then xa2l! Çx^l CXß

Xß 21 so there is an element 0 (aXa) of 21 with xß   • " xß 6(aXa) = xa0a(R).

0 (xXa) is independent of the choice of ßx,..., ßn.

We have

6(aXa) + 6(bXa) = 0 ((a + b)Xa),

ë(aXa)ë(bXa) = ë(abXcl)xot,

B(aXa)ea(c) = Ö(acXa),    a, b Eiïa, c G ga

from which if we define

?(«0 + «l*a + ' ' ' + «m**) = fla(*o) + *<Ma) + * ' * + ^ («m*«)*?"1

where a0 G Sa, aj.ffm G ^a tnen we nave a homomorphism 0 from the

polynomials in Sa+1 into 211.

Let ,4 G g.a+1, A = 2J10 a,-^ where a0 G ®a , ax, a2,.. . G fta, ip(a)

is the element w of 2lV4+i witn

w - 7T0 («0 + axXa + • • • + amX?) Gx«2i//a+1

for all m in Z+. There is at most one element w with this property. To see that

there is exactly one choose elements yn of 21 inductively so that

y0 = 0(*o).    B *« + ^(««+1^«) -JWi*J < 2-"lx«r".
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the choice being possible because xaU is dense in 21. Put

zm = £   (y» + Ô(an+xXa)-yn + xxa)xna-m.
n>m

We then have

'o = *(*o +«A + • • • + <*„**) -ym< + *«*?•

Hence 7rz0 is an element of Ul/Ia+X with 7rz0 - 7T0 (a0 + a,^ + • • • + amX™)

e Jc*a//a+1 for all m. We put 0(4) = 7rz0.  i// is a map Sa+1 -♦ «VAu+i

and is an algebra homomorphism because \j/(A) + \}/(B) and \¡/(A)\¡/(B) satisfy the

defining condition for ii(A + B) and ^i(AE).

Corollary 5.6.   Vnder the same hypotheses as 5.5, i/g is a subalgebra of

Sa+1 containing ga aTta* A^ a77c/ 0 ; S —* 21  /s aTi extension of6a with 0 (Xa)

= xa and no = ^ 077 5 then, for all nonzero A in S, x r—► 0(¿)x maps /a+ j

one to one onto ifse//   6(A) is not a zero divisor in 2Í1.

Proof.  By Lemma 5.2 we have A = MB where M is a monomial and B is

regular in (Sa+1. Let ft G 2I1 with 7r(ft) = \jj(B). By Corollary 5.4 x h-> 6(M)x

maps Ia+ j one to one onto itself as it is the composition of maps x 1—>■ XßX and

their inverses. We have ir(6(A) - 6(M)b) = ty(A)- ty(M)i¡i(B) = 0 so 6 (A) -

I(M)b EIQ+X. Let/ GIa+ x with 6(M)j = 6(A) - 6(M)b. Then 7r(ft + /) =

i¡/(B) and 6(A) = 6(M)(b +/). Because B is regular, \p(B) is regular in &l/Ia+x

and, as /a+ x C 21 = Rad ÎI1, ft + / is regular in ÎI1. Thus x 1—>• (ft + /)* maps

/a+ j one to one onto itself and hence so does jc t—»■ 6 (A). If y E 21 * with

0 (4),y = 0 then 6 (A)xa+ x y = 0 so jca+ j y = 0 and hence y = 0, because

*a+i 's not a zero divisor andxa+1 EIa+x.

Lemma 5.7. Let abe a countable ordinal and 6a an algebra isomorphism

S tt t—► 2I1 with 6a(Xß) = xß, ß<a. Then 6a has an extension 6a+, ; Sa+ x

—•*■ 2I1 with 6a+x(Xß) = xß, ß < a + 1. 6a+x is an algebra isomorphism.

Proof.  Construct t// and 0 as in Lemma 5.5.  6 is an extension of 6a to

the polynomials in ga+1 with fl^) =xß,ß<a. Let 0 : g —»• 2I1 be a maxi-

mal extension of 8 with n0 = ip to a subalgebra S of ga+,. Let P, Q E 6 with

PÇTX G 5a+1 and let a G«J with ir(a) = \p(PQ~l). Then 0(/>) - 0(ß)aJE

ker 77 = /a+ j so, by Corollary 5.6, there is / G /^ with ?(Q)/ = 0 (P) - 0(ß)a.

Thus ft = a + / satisfies 0(P) = 0(ß)ft and, since 0(ß) is not a zero divisor

(Corollary 5.7), is the only element of 211 which does. Defining 0(Pß-1) = ft

we extend 0 to S a+ j n ß where ß is the subfield of ®a+1 generated by §.

Since 0 is already maximal, S = Sa+1 n ®.

If A E ®a+i G ®a+1 is transcendental over S then choose a G 211 with
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7ra = \j/A and extend 0 to the subalgebra of ga+ j generated by § and A by

defining 0 (A) = a. As 0 is already maximal we see that every element of S  is

algebraic over 2.

Let A G 5a+ j\S . Then A is algebraic over 2. Let P be the minimum

polynomial of A over 2. The degree of F is at least 2. By the remark at the end

of Lemma 5.2, by multiplying F by a suitable monomial element of 2a . ,, and hence

in $, we can assume that the coefficients of P are in S and at least one is regular

in S .  Let ß be a polynomial over 2 with Q(A) = 0. Then Q- PR for some

polynomial R with coefficients from Ä .  If the coefficients of Q are in 5 then,

by considering the coefficient of A'+l in Q where ¿I' is the lowest degree term in

P with regular coefficient and A' is the lowest degree term in R with coefficient

r¡ such that rk\r¡ G S for all coefficients rk of R (some r* have this property, e.g.

the coefficient of maximum absolute value), we see that the coefficients in R

are all in S. Thus if we can find a' G 2I1 with tra' = \¡jA, (6P)(a') = 0, where

?(2?=0 A¡ Y') = 2?=0 (8(A¡) Y', then we can extend 0~ to the algebra generated

by § and j4 by defining 0(4) = a . This contradicts the maximality of 0 and

shows S = §a+1.  0 is one to one by Corollary 5.6.

Let a G jr.1 with Tra = \¡/A.  We have n(dP)(a) = i/f/Y^) = 0 so (0P)(a) G

Ia+ j.  As F(/i) = 0 is the polynomial of minimal positive degree satisfied by A,

P'(A) ¥= 0. Thus P'(A) = MB where M is a monomial in g a+ x, and hence in g ,

and F is regular in ga+, (Lemma 5.2).  There exists b E 2I1 with (6P')(a) =

0"(M)2>, rrb = \¡/B because if b0 E 2I1 has ire0 = \¡/B then (^^(a) - 0(M)eo

G ker 7T = 7a+ j so we put b — b0 + j where / G Ia+ x satisfies 0 (M)j =

(6P')(a) — 6 (M)b0 (Corollary 5.6). b is invertible because nb = tyB is invertible

in21 V4+1 and Ia+ x C 21 = Rad 21!. Again using Corollary 5.6 let k EIa+ x

with ÏÏ(M)3k = (6P)(a). We have, by Taylor's theorem for polynomials,

(0>) (a + 0 (M)2j) m ? (M)3 [k + bj + 2m=2 cn /"] where kEIa+lçU =

Rad 211, b is invertible, c2, . . . , cm E 2I1. By [6, Lemma 3.28] there is/ G 21

with k + bj + 2^=2 cnjn = 0. As 21 is the set of singular elements of 2I1, b G

21 and 2m=2 cn j"'1 E 21 we see that b + 2^=2 c„ j"'1 = c is regularjn 211

so / = -c" *Ä: Ela+X. By Lemma 5.4, 0(M)2/ G Ia+ x so if a' = a + 0(M)2/

then 7ra' = ^4 and (6P)(a') = 0.

Lemma 5.7 provides the inductive step to extend from ga to ga+ x. Since

S0 = C, Lemma 5.7, together with ordinary induction, shows that ga can be

normed for finite ordinals a. To complete the transfinite induction we need

analogues of Lemmas 5.5 and 5.7 which deal with limit ordinals.

Lemma 5.8. Let abe a countable ordinal and for all ß < a let dß be an al-

gebra isomorphism gp —* 2I1 with 6ß(Xy) =»x7, 6ß I g7 = 6y for y<ß.  Then
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there is an isomorphism \jj: gQ —-► \\l/Ia w^tn $\l&ß = irdß for ß<a.

Proof.   If a is a successor ordinal then this is Lemma 5.5. If a is a limit

ordinal let ß0 < ßx <ß2 • • • be a sequence of ordinals less than a and such that

if ß < a then ß < ßt for some I  Let A E Sa. We show that there is exactly one

element w of 211/Ia with

W-«eßn+SP«ßn+XA)eX0nnl/I«'

for all 77. To do this we define elements yn of 21 inductively so that

*o " V^o^'

11*« + »,, -yn+iHnw <2-"iix(Joir1 ••• \\xßn_x\\-\

where vn E 21 such that

X ' * ' X-l "■ = 6ßn+l^n + lA) - V«*«^

= 0ßn+tP«ßn+lA-p*t>nA)-

To see that v„ exists consider A' = pnR     'A - pnR  A E Sfl      .We have
" apn + l apn P/i + l

A' =MB where B is regular in S «,       and M is a monomial in S »       by Lemma
° Pn + l pn + l

5.2. Aspfl      »  i4' = 0andpfl      „   F is regular in S»   we see p„      a  M = 0.
*'n+lpn rpn+lpri pn rpn + lPn

Thus if Af = Xy   " ' Xy Xfl ' • • Xfl, in reduced form (that is none of the

8j is a 7,) with yx>y2> ' " >yk and 8X> 82> • • ' > 8¡ then 0„ + j > 6 j >

|3n and yx > 8X. By Lemma 5.3.

xy1"-xykeßn+l(B)Exy^lQxhllQxßo'"xßn-lx^'"x^,u

and hence for some vn E 21

ôl °l  ßn + l 71 7fc   pn + lv  '

= % '    *X-1*61  '    '*«A'

and so, since the x5 are not zero divisors, vn has the required property.

Put

oo

Z0 =  Z   CV« + W« - *h + 1^„)xß0 '"Xß„    .>
n=0 "       u "_1

OO

zm= 21   (yn+m + vn+m ~ yn + m + lxß„ + m)xß    ,,'" Xß
n = x rn+m'   vm + \ Pn+m-l
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Then z0 = 6ßm + x(Paßm + x A) + Xß0'" xßJzm -JWi) «° w = ^o is as

required.

The remainder of the proof is the same as that of 5.5.

Lemma 5.9. Let a be a countable ordinal and for all ß < a let 0» be an

algebra isomorphism g^ —»• U1 with 9ß(Xy) = x7 and 9ß\(Sy =9yfory<ß Then

there is an isomorphism 6a : ga —+ 2I1 with da \<Sß = 6ß for all ß<a.

Proof. We take g = \Jß<a <$ß, 0 : g —► 211 the map defined by 0 \<Sß

= 6ß and ii is given by Lemma 5.8. The proof now is almost identical with that

of Lemma 5.7.

Theorem 5.10. There is an algebra isomorphism 0; g —► 21'.

Proof.  Lemmas 5.7 and 5.9 show, by transfinite induction, the existence

of a system {0a ; a < co,} of algebraic isomorphisms 6a ; ga —> 21 ' with 6a I g^

= 0ß for ß < a. As g = Ua<cj    ®<* we can define ö by 0 |ga = 0a for all

a < co. 0 is then the required map.

Corollary 5.11. There is an algebra norm on g.

6.  Embedding algebras of formal power series in j..  In this section we

show how g i can be embedded faithfully in \ ¿, the real algebra obtained by

adjoining a unit to 30  (= j0((/) for some ultrafilter 1/ on N). The process is

similar to Allan's method for embedding %x in 21 ' [1] in that %x is first embed-

ded in a quotient algebra and this embedding is later lifted to an embedding in

1 q. This result follows from the isomorphisms constructed in Corollaries 4.8 and

4.11 if we assume the continuum hypothesis. The construction in this section

does not depend on the continuum hypothesis and can be extended in a similar

way to the extensions in §5 of the results of Allan's paper.

Lemma 6.1. Let xGJo,x>0, / = n^=1 x" j J. Then there is an iso-

morphism \¡j: 2i —yÍ oí I with \p(X) = 7TX where it is the quotient map j¿ —»■

Proof.  Put t) = {A, A GJ¿, for all n G Z+ there is a polynomial Pn with

real coefficients such that A - P„(x) E x" j 0}.   fj is a subalgebra of j 0 and

Pn + X(x) - Pn(x) G x" j 0. Because i 0 C *R°, if Q is a nonzero polynomial of

degree < n and a €)„ then IQ(x)\ >x"a.  Thus Pn and Pn + X have the same

terms of degree < n.

For A G % let %(h) = S~=0 amXm where Pn - S^=0 amXm for all n.  %

is an algebra homomorphism f) —► % x. We now show % is surjective.  Let a =

S a¡X' G gj. Consider the sets
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in j ¿. As jj is an 17 j-set (the proof of this is the same as the proof of [4, Lem-

ma 13.7], and A < B, with A, B countable, there is y G j1,, with A < v < B.  Put

ym = x~m(v - I£0 atx') E *R. Then -x <ym <x so ym Ej0 and v E i

Clearly |(u) = a and £(x) ~ X.

The kernel of % is / and we take ty to be the inverse of the bijection fy0/I

—■* %x induced by %.

Theorem 6.2. Let x E }0, x > 0. There is an algebra isomorphism 6;$x

—» }0 with6(X) = x.

Proof.  Define 1// as in the lemma and let 0 be the homomorphism from

the unital subalgebra of $1 containing X into j ¿ with 6(X) =x. Let 0 be a

maximal extension of 0 satisfying 7T0 = \¡j. Denote the domain of 0 by S. The

proof now follows that of 5.7 up to the point at which we seek a solution j El

to the equation k + bj + 2™=2 cnjn =0 where k E I, ft is regular in j¿ and

c2, • • • ,cm E}0.

To show that such a solution exists let ft = XI + ft', ft' G J0 and choose

preimages {np}, {j3p},{7„p}of k, ft', cn respectively in cR, the space of conver-

gent sequences of real numbers. As k = xk' for some k' E j¿ we can assume

{k } Gc0, we can also choose {ßp} Ec0. Put Rp = max(p-1, 3|/cp||X|_1).

Since X =£ 0, Rp is well defined and Rp —► 0 as p —»• °°. For each n, { ynp} is

a bounded sequence so there is K E R+ with 2^_217    | < K for all p. If we

choose p so large that Rp < 1, \ßp\< |X|/3,Fp <Ä"-1|X|/3 we have, for any

complex number z with |z| = R ,

+ (A + /UZ+   £   T«»*"-**

<l-|X|Fp + i-|X|Fp +Í Ç   l7„pl)Fp<(£ 'v')^

This shows that the variation of Arg(«   + (X + ßp)z + ^-2 7npz") as z ^e"

scribes the circle V  centre 0 and radius R   once in the positive direction is the

same as the variation of Arg Xz, that is 2tt. Hence for large values of p, Kp +

(X + ßp)z + 2"=2 7„pz" = 0 has exactly one solution zp inside Tp. As Tp is

symmetric about the real axis and the coefficients are real, z   is real. If/ is the

element of j0 corresponding to {zp} G c0 then / satisfies the polynomial equa-

tion and / G / because / = - (ft + 2^_2 cnjn~1)~lk with k E I, the inverse

existing because ft is in vertible and 2£_2 cnj"~1 E}Q.
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