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ABSTRACT. The first result of the paper is that the question of defining
a submultiplicative seminorm on the commutative unital C * algebra C(2) is
equivalent to that of putting a nontrivial submultiplicative seminorm on the alge-
bra of infinitesimals in some nonstandard model of C. The extent to which the
existence of such a norm on one C(2) implies the existence for others is investi-
gated. Using the continuum hypothesis it is shown that the algebras of infinites-
imals are isomorphic and that if such an algebra has a submultiplicative norm (or,
equivalently, seminorm) then, for any totally ordered field ¢ containing R, the
R-algebra of infinitesimals in ¢ has a norm. A result of Allan is extended to show
that in the particular case when ¢ is a certain field of Laurent series in several
(possibly infinitely many) unknowns then theinfinitesimals have a submultiplica-
tive seminorm.

1. Introduction. In this paper we prove a number of results related to the
question of whether C(£2), the algebra of continuous complex valued functions on
the compact space £2, has a submultiplicative norm not equivalent to the usual sup
norm. Bade and Curtis [2] showed that this is équivalent to the problem of
putting a nontrivial seminorm on the algebra C(2)/%(F) where F is a finite sub-
set of Q2 and J(F) is the set of all functions in C(£2) which are zero in some
neighbourhood of F. We extend this by replacing %(F) by X(E) where E is a
finite subset of the complement of Q\F in its Stone-Cech compactification and
X(F) is the set of f € C(§2) which, when restricted to Q\F and then extended to
B(Q\F), are zero in a neighbourhood of E. Since C()/S(E) is a direct sum of
the C(2)/J(w), w € E, the question is one of norming C(2)/S(w). When
is the Stone-Cech compactification of the integers the algebras C(S2)/ X(w) are the
complexification of the algebra of finite elements of a nonstandard model of the
real numbers.

In §3 we see the extent to which the existence of a nontrivial seminorm
on one C(R)/ ¥(w) implies the same for all others. We see that if C(2) has an
incomplete submultiplicative seminorm for some compact  then it has such a
seminorm for all compact metric . The results in this section were inspired by
some unpublished work of A. M. Sinclair. The central result in §4 extends a
result of Erdos, Gillman and Henriksen [4, Theorem 13.13] which states that,
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under the continuum hypothesis, all real-closed n, -fields of cardinality 2Mo are
isomorphic. The extension is that if the fields both contain R then the isomor-
phism can be chosen to be the identity on R. As a corollary to this the results in
82 can be improved; e.g. if any C(2) has an incomplete norm so does every other
infinite dimensional C(£2). Another corollary is that the algebra of infinitesimals
in a nonstandard model of R has a norm if and only if the algebra of infinitesimals
in any totally ordered field containing R has a norm. In §5 we extend the result
of G. R. Allan [1, Theorem 2] to show that certain algebras of power series with
several variables (possibly irfinitely many) can be normed. The general method is
that of [1]. These algebras are algebras of infinitesimals in a totally ordered field
and so, by the results of §4, norming these algebras is necessary if C(£2) is to have
an incomplete norm. In §6 we embed the power series algebra in the algebra of
finite elements in an ultrapower of R without using the continuum hypothesis.

2. Extension of the results of Bade and Curtis. Let £ be a compact topo-
logical space and v an algebra homomorphism C(2) — B where P is a Banach
algebra. We shall extend Theorem 4.3 of [2] by making a more detailed analysis
of the open sets G such that the restriction of v to

{f;F€CQ), f(w) =0Vw E Q\G} = N(Q\G)

is continuous. We shall denote the set of all these sets by G (this is not the same
object as @ in [2]).

Lemma 2.1. If G, G,, ... are disjoint open sets in 2 then G, € G for
all but a finite number of values of i.

This is merely a corollary of [2, Corollary 5.3].

LeEMMA 22. If G|, G, are cozero setsin G thenG, U G, € G.

A cozero set is a set of the form f—1(C\{0}) where f € C(Q).

ProoF. Ifg h€ C(Q), G, =g~1(C\{0}),G, = h~1(C\{0}) and fE
ME@\(G, U G,)) then f = |gl(lg] + [)~'f + |hl(lgl + [h])"'fon G, UG,.
Putg, = Igl(lgi+ |hI~1)f, g, = |hi(lgl + |n])"'fon G, U G, and extend
to Q by putting g, =g, = 0 on Q\(G, UG,). Theng, €C(Q)and so g, €
M(\G)); the map f —> g, is continuous so the map f — (g,, &,) — (v(g;),
v(g,)) — v(f) = v(g,) *+ v(g,) is continuous MQ\(G, U G,)) — B.

LEMMA 23. supge gll vIMQ\G) <eo.

ProoF. Let p(G) = [[v|MQ\G)|| for G € G. The proof of Lemma 2.2
shows that for cozero sets G, Gz,‘ p(G)) + p(G,) =2 p(G, U G,). Since J(2\G)
={f;f€C(Q), supp f C G} is dense in M(Q\G ) we have, for GEG, p(G) =
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sup p(G *) where G ™ ranges over the cozero sets with closure in G. If the lemma
is false we choose a sequence {G,} of cozero sets from G inductively by taking
G, = 3, G/, , a cozero set with p(G,,) =i + p(G)), G;, = G, UG, , and
hence {G,} is increasing, p(G,, ;) =i + p(G;). Now choose G: = & and for
each i >0, G a cozero set in G with G* € G,, G} | CG*, p(G})>p(G) - 1.
We have

pGI\G2 )2 p(G]) - p(Gi_)>P(G) — 1 - p(G,_y) i -2,
which is impossible by [2], Corollary 5.3 as the sets G;*\G,* | are disjoint.

LEMMA 24. Let Q be an open subset of L. Then S, contains a finite
subset E such that if G is open in S, then either G NE is nonvoid or G € G.

Here G denotes the closure of G in 8 2.

ProoF. Let E = {w; w €2y, N N 2y € G for all open neighbourhoods
N of w}. E is finite because if it were not we could find a sequence {w;} in
B8, and an open neighbourhood N; of w; for each i with N; N N; = & for i # J.
We would then have {V; N Q,} as a disjoint sequence of open sets in £2, none of
which is in G, contradicting Lemma 2.1.

If G N E =& choose an open neighbourhood N, for each w € G with N,
NQyEG. Letf,, €C(BRY,) have f_(w) =1, f,, =0 outside N, and put N/,
= f51(C\{0}), so that w EN/, C N, and, in particular, N, N , € G. By
compactness there are w,, . .., w, €G withG QN""I UeesUN, . PutG,
=, N N;i. Let G' C G be a cozero set in 2. Because G' is a cozero set in

Q with G’ C Q, and each G, is a cozero set in Q,, G; N G' is a cozero set in Q
@it is (f2)~'(C\{0}) where f = 0 on C\Q, f = f“"i on Q,, g € C(Q) with G’
= g~ }(C\{0}); fg is in fact continuous on §). Thus G'=(G, NG')U +-- U
(G, N G") € G by Lemma 2.2. Hence, using Lemma 2.3, we see G € G.

One might seek to determine the collections G' of open sets in £ which
satisfy the conclusion of Lemma 2.1 and other, more elementary, properties of G,
for example any open subset of a set in G is also in G and any finite open set in
Qisin G. If 2y =N, and Q is the one point compactification of N then the
alternatives in Lemma 2.4 are mutually exclusive and only possible collections G’
are the set of all open subsets of Q and

{S;SCN,S& U, i=1,...,n}

where U,, ..., U, are free ultrafilters on N. For more general spaces the situ-

ation is not so simple and the conclusion of Lemma 2.4 with Q, = U G= Q\F,
where F is the singularity set of Bade and Curtis, gives a sufficient condition for

a set to be in G which is by no means necessary.
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We now introduce some more notation. As F does not contain any isolated
points of , Q is a compactification of Q\F. Thus there is a continuous map
a: B(Q\F) — Q which is the identity on Q\F. Applying Lemma 2.4 with Q, =
Q\F we have a E = F. Let U €E and put

RF)={f:fECQ), f(w)=0forall wEF},
S(U) = {f;FERF), fo a =0 on some neighbourhood of U in B(Q\F)},
I(U) = WF)/IU) = PaU)/SU).

1(U) depends on U but is unaltered if F is replaced by any other finite set con-
taining a U.

Lemmas 2.3 and 2.4 and the same methods as are used in [2, Theorem 4.3]
enable us to prove

THEOREM 2.5. Let v be an algebra homomorphism of C(S2) into a dense sub-
subalgebra of a Banach algebra B. Then there is a closed subset Q' of Q, a finite
set F C Q, a finite set E C BQ\F)Q\F) and an algebraic and topological
isomorphism ¢ of € onto B such that v = V), where

(i) For U€EE, Ry is the completion of T(U) in a nontrivial submultipli-
cative seminorm, i.e., the completion of the quotient of 1(U) by the kernel of
such a seminorm.

(i) € =C(Q')€9§Rul @@ SRU,,
where Uy, . . ., U, are the points of E, the Banach space structure is the direct
sum and multiplication is the commutative operation determined by

(f,0,...,0)(g0,...,00)=(fs,0,...,0),

©,ry,...5r) 0,8, ...,8)=0,r5,... s T Sp)»

(£,0,...,000,ry,...,r,) =0, f(@Urys - - -, FlU))ry)s
f,e€CE), 1,8 € Qui.

@) V(N =127y, 01)

r; being the element of ?Rui corresponding to any element of W(F) which is
equal to f — f(a(U,)) in some neighborhood of a(U,).

The important feature of this result is that it demonstrates the equivalence
between the problem of putting an incomplete algebra norm on C(2) and the
problem of putting a nontrivial algebra seminorm on the algebras I (U).

3. Norming C(2) and norming algebras of infinitesimals. Let U be a free
ultrafilter on N, s the algebra of all sequences of complex numbers with point-
wise operations, (V) = {a;a €s, a=1(0) € V/} a maximal ideal in s, *C(V) =
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s/3(V), (V) the image in *C(V) of those elements a of s with lim, ¢ = 0 and
1o(V) the image of ¢, in *C(V). We shall frequently write merely i, 10, *C
for i(V),1y(V), *C(V).

LEMMA 3.1. Let Q2 be an infinite metrisable compact space, W, @ noniso-
lated point of S and U € B(Q\ {wy H\(Q\ {w,}). Then there is an algebra
homomorphism ¢: ¢y — T(U) with T(U). Im ¢ = T(U).

PROOF. Let d be a metric in © giving the topology and let
2 = {w; wEQ,2n)" 1 >d(w, wy) > (2n + 3)" 1}
Gy = {w; w € Q,d(w, wy) > 34

and put G° = n=0 Tan+1» G =Up=¢ G, U canbe considered as an ultra-
filter of relatively closed sets in 2\{wgy}. We have G° =G N (Q\{w,}) for
some neighbourhood G of U in B(2\{ w,}) if and only if G° contains a set from
U. Thus either G° = G N (Q\{wg}) or G€ = G N (2\{w,}) for some open
set G in B(2\{w,}) containing U. For definiteness we assume G¢ =G N
@\ w)).

Let p,, € C(Q) with p, =10onG,,p, =00nG,, form+#n—1,n,
n + 1. Let q be the quotient map M(wy) — I(U) and ¢ the map ¢, — C(Q)
defined by y(a) = Z a,, p,,. Then VY is linear and, on G®, Y (ab) = Y(a) Y (b),
a,b€Ec,. Thus ¢ = gy is the required algebra homomorphism. If f € M(w,)
put b, = SWp,eq,, [f(w)| (b, =0if G,, = ). Then b € ¢, and there exists
¢, d€cy ¢, >0,d,>0with b, =c,d,. Letgy =d,; 'fonG,,, gy(wy) =0
so that g, €C((IUG,,) ") and has a continuous extension g € C(£2). We have
£ € M(w,) and on G,,,, Y(d)g = d,d;'f = f s0 p(d)q(g) = q(f).

The following result is related to [8, Corollary 4.4].

THEOREM 32. (i) If Q is a compact topological space such that C(S) has
an incomplete submultiplicative seminorm then i o(V ) has a nontrivial submultipli-
cative seminorm for some ultrafilter |/ on N.

(i) If i,(V) has a nontrivial submultiplicative seminorm for some ultra-
filter V on N then C(2) has an incomplete submultiplicative norm for every in-
finite compact metric space S, and more generally, for every compact topological
space with a nontrivial convergent sequence.

Proor. (i) If C(Q) has an incomplete seminorm then there is a discontinu-
ous homomorphism v: C(Q2) — B [2, Theorem 4.4]. Hence there is a separable
closed * subalgebra [ of C(R) containing 1 with v|% discontinuous. We have
% ~ C(Q*) where Q* is a compact metric space. Now apply Theorem 2.5 giving
wy € Q% and U € B(Q*\{w,}) such that T(U) has a nontrivial seminorm p. Let
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¢ be the map in Lemma 3.1. Thenpo ¢ is an algebra seminorm on ¢, giving
rise to a homomorphism »': ¢, — B’ for some Banach algebra £’. The kernel of
p is a proper ideal in T(U) whereas Im g lies in no proper ideal. Thus v’ # 0.
However if a € ¢, has finite support then Y (a) is 0 in a neighbourhood of w, so
v'(@) = 0. This shows that »" is not continuous and so, applying Theorem 2.5 we
see that there is an ultrafilter I/ on N such that iy(l/) carries a nontrivial multi-
plicative seminorm.

(i) Let {w,} be a sequence of distinct points of { with limit w where,
for all n, w # w,,. The map 6: f —> { f(w),)} is a continuous algebra homomor-
phism of C(2) onto ¢. If 1 j(V) has a nontrivial submultiplicative seminorm then
the construction in Theorem 2.4 gives a discontinuous homomorphism »v: ¢ — B
for some Banach algebra B. 6 is then a discontinuous homomorphism of C(S2).
into B.

THEOREM 3.3. If there is a nontrivial submultiplicative seminorm p on
1 (V) for some V and S is an infinite compact topological space then there is a
discontinuous homomorphism of C(2) into a Banach algebra.

PrOOF. First of all we show that there is an ultrafilter /' on N and a semi-
norm on i(l/") which does not vanish on 1 4(V"). Leta € I”(N) with |lall <1,
limy a, = 0 and pqa # 0 where g is the quotient map s — *C(V). Put Vi =
{n;n €N, |a,| <j~!'} and let a: N—> N be defined by a(n) =jif n €
V\V,,,. Define (@*b), = by, so that o™ is a unital homomorphism [*(N)

— I*(N). al ={aV;VE }is the base for an ultrafilter V' on N which is
free because V; € V and a(V) C{/,j+ 1,/ +2,...} pqa*is an algebra semi-
norm on the subalgebra of /*(N) of elements b with lim, b = 0 which is zero

for any b with 5=1(0) € V/'. Thus it induces a seminorm p' on 1(V'). Asin the
proof of Lemma 3.1 we show a € ga*c, 1(V) so p is not trivial on ga*c,.

Thus p' is not trivial on i o(V").

Now choose a sequence {G;} of disjoint open nonvoid sets from £2 and for
each i, w; € G;. Let ¢(f), = f(w,). Then ¢ is a continuous algebra homomor-
phism C(Q2) — I™(NV) with closed range containing ¢. Writing ! = { f; f € C(Q),
limy» @(f) = 0}, pga*y is a seminorm on $ which is not continuous with re-
spect to the sup norm as pqa* is not continuous on ¢, and y is an open map-
ping with range containing c,. As C(R) is the algebra obtained by adjoining a
unit to M, pqa*y extends to a submultiplicative seminorm on C(£2) which is dis-
continuous.

4, Results using the continuum hypothesis. We now turn to a study of
the algebras I(U), i (V). Since each is the complexification of a real subalgebra
J(U) or 1(V), the subalgebra of elements corresponding to real valued functions
or sequences, and a real algebra carries a nontrivial seminorm if and only if its
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complexification does, we study J and i instead. If E is a totally ordered field
containing R as a subfield then

0= (k;kE t, —qg<k<gqforall g €Qt}

is the algebra of infinitesimals in €. We use Q" rather than R in the definition
because Q can be embedded in £ in only one way whereas the embedding of R
is not unique. €© is a real algebra if we take ak, « €R, k € £° to be a prod-
uct in €. Similar remarks apply to

¥ = {k;k € ¢, —q <k <q for some g € Q*}

the algebra of finite elements of €. € is the algebra obtained by adjoining a
unit to €9 so every element a of £¥ can be expressed uniquely as f(z) + b where
f@ER, beE O fisan order preserving homomorphism of £# onto R. When
V is an ultrafilter on N, 1(V) =*R(V)°. If U is a free ultrafilter of zero sets in
Q\ {w,}, and

Q) = {f; £ € Cr(Q\ {we}), f~H0) € U}

then *R(U) = Cr (@\{wo})/H(U) is a nonstandard model of R and there is a
homomorphism J(U) — *R(U), because every real valued function in %(U) is
in 9(U).

We now show that the various algebras i(l/) are isomorphic. It follows
from [4, Theorem 13.13] that they are isomorphic as rings but to show that they
are isomorphic as algebras we need to show that there is an isomorphism between
the fields *R(V/ ) which leaves R invariant.

LemMA 4.1, Let €, L be totally ordered fields containing R and let u be
an order preserving isomorphism £ — L. Then gu = f where f is the map E#
— R defined above and g is the corresponding map ¥ — R.

ProOF. Fora € t#, L, = {3;q€Q g<a}and R, = {39 €Q, ¢ > a}
define a Dedekind cut which is the cut associated with f(g). Asu is the identity
on QuL, =L, uR, =R, but because u is order preserving uL, =L, uR, =
R,, 50 L, R, is the same cut as L, ,, R, ,, which defines gua. Thus fa = gua.

If £ is a field containing R and ' is a subfield then E'is full if £' N €#
is closed under f. If 4, B, . . . are subsets of a field then K[4, B, . . . ] is the
subfield generated by 4, B, . ... If £'is a subfield of € then alg €' is the set
of all elements of € which are algebraic over E'.

LEMMA 42. Let t be a totally ordered field containing R. Let t' be a
full subfield of ¥, wE R Then " =K[t', w] is full.

PrROOF. We suppose w & €' as otherwise there is nothing to prove. Let
z€ "N €% 2z can be expressed as a rational function of w with coefficients in
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£ ' and, if w is algebraic over E', we can assume that the degrees of the denomin-
ator and numerator are less than the degree of w. Dividing numerator and de-
nominator by the coefficient of the denominator with largest absolute value we

have X
—p(w)_ao+alw+-~-+akw

ZT0W) byt byw e+ bW

where —1 <b; < +1 and one b; is 1. We have fQ(w) = f(by) + f(b))w + =+~
+f (b,)w’ # 0 because the coefficients are in €', are not all zero and if w is
algebraic over ' it is of degree >1 Thus Q(w)~! € £¥#. Similarly we can write
Pw)=c(@y +ayw+ - +a,w*)=cRw)wherec€ E',a;€ €' N £# and
one a; is 1, unless P(w) = 0 in which case clearly f(z) € £”. We have R(w) and
Rw)~' € £*, Thusc =zQ(w)~! € £¥ and hence P(w) = cR(w) € £#. This
shows

_f(ao) 4 oo +f(ak)w"
f(Bg) + -+ +fB)W!

where the coefficients are in £’ so f(z) €E".

@

LEMMA 4.3. Let € be a totally ordered field containing R, and £’ a sub-
field of €. Then there is a smallest full extension €" of t',

tn =K(f', E" N R)
and if €' is denumerable so is £".

ProoF. For any subfield [ of € put E({)=K(L, f(L N t¥)). Take
t"=Um, E(e).

LEMMA 44. Le_t_E be a totally ordered field containing R and €' a full
subfield of €. Then alg t'is full.

PrOOF. Ifz € £# Nalg €' then we have a nontrivial relation g, +
gzt +a,2" = 0,0, € t'. Dividing by the coefficient of largest absolute
value we can assume ¢; € £# N £’ and one of the g; is 1. Thus

f@g) +f@)f@+---+f@,)(f@)' =0
where f(a;) € t' and some f(g;) is 1 so f(z) € alg E'.

LEMMA 4.5. Let €, | be ordered fields containing R, €' a full subfield of
€ and u an order preserving isomorphism of ' into U with u = identity on €'
NR Thenu(t' NR)=u(t')NR.

PrROOF. Suppose 2 € €' with u(@) ER. If p, ¢ € Q with p <u(a) <q
thenp <a<gsoa € €* and p <f(@) <q. Thus f(@) = u(a). Since f@) € t’
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N R, u(f(@)) = f(a) we have u(@) = u(f@)soa=f@€e<t'NR.

LEMMA 4.6. Let € be a real-closed n,-field containing R. Then t has a
dense transcendence base over R.

This is an extension of [4, Lemma 13.11]. Our terminology is that of [4],
in particular §813.5-13.8.

ProoF. First of all we show that if N is the cardinal of £ then the trans-
scendence degree of € over Ris ¥. If X > 270 then any transcendental exten-
sion of R of degree less than N has cardinality less than ¥ and any algebraic ex-
tension of an infinite field has the same cardinality as the field [4, p. 172].

Suppose 8 < 2™0_ Since R C t we have 8 =20, Because € is an n,-
field, £© has strictly positive elements. Let y be one and put x =y ~!. The map
p — xP where, if p =rs™1, r, s €Z, s > 0, then xP is the unique positive solution z
of z° = x", is an order preserving map of Q into £ with xP € €\t * if p > 0.
Let A C R* be a basis for R considered as a vector space over Q and for a € 4
choose x(a) € £ with x? <x(a) < x9 whenever p, ¢ € Q with p <a <gq. We
shall show that the elements {x(a); a € A} are algebraically independent over R.
Suppose a,, . ..,a, €A, m, ..., m are nonnegative integers and p € Q with
p<mja; + <+ + ma,. Then there exists p,, ..., p, in Q with p; <g; and
p<mp, +++* +mp, soxP< (xpl)'"l e (xpk)"'k <x(al)'"l cee
x(ak)m". Similarly if m,a, + <+ + mga, <q € Q then x(al)ml XX x(ak)m"
<x9. Thus putting (M) =ma, + +++ + ma, if M = .x(al)ml cee x(ak)m"
we have x? <M < x9 whenever p, ¢ € Q with p <v(M) <gq. In particular, as
the a; are rationally independent, v is well defined. Suppose there is a nonzero
polynomial P with real coefficients and P(x(a,), . . . , x(a;)) = O for distinct
a,...,a €A. Omitting all terms with zero coefficient and dividing by the
coefficient of the monomial M for which v takes its highest value (as the g, are
rationally independent M is uniquely determined) we can assume that M has coef-
ficient 1. Let p, ¢ € Q with v(M) > p > q > value of v at all other monomials
in P, and let — g be the sum of the negative coefficients in P. We have x? <M
=M ~ P(x(a,), . . ., x(@a)) <Bx? <xP~9%9 = xP a contradiction.

We complete the proof by taking the smallest ordinal w, of cardinality R,
indexing the intervals (g, b), a, b € ,a <b by the ordinals < w, and choosing
for each w < w, an element x , of I, which is transcendental over
K[R,x,;a < w] by transfinite induction. This choice is possible because
K[R,x,;a < w] and hence its algebraic closure in €, is of transcendence degree
<N over R whereas t is of transcendence degree N, so £ # alg K [R,xy;a<w]
=t'. Since t'# Ewe cannot have I, C t'. {x_; w < w,} is a dense set of ele-
ments of € which are algebraically independent over R and so can be completed
to form a dense transcendence base.
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The following result was first obtained by a different method by N. J. Block
(thesis, University of Rochester, 1965, but otherwise unpublished; see also [5,

p. 145]). The author wishes to thank the referee for drawing his attention to this
reference.

THEOREM 4.7. Let £, [ be real-closed n,-fields containing R and of cardin-
ality R,. Then there is an isomorphism u of £ onto L with u|R = identity.

Proor (cf. [4, Theorem 13.13]). Let w, be the first uncountable ordinal,
S, T dense transcendence bases of €, [ over R. Index S, T by the countable
ordinals so § = {s,; a <w;}, T ={t,; a <w,}. We shall define for each a <
w,, by transfinite induction, countable full algebraically closed subfields €, [,
of E, [ and an isomorphism u, of £, onto [, with u, = identity on £, N R
and, for f<a<w,, 55 € €,, 1€ [,, (5 C ., Ly C Ly, u ity =u;. We
start the induction by taking £, = |, = algebraic numbers, u, = identity. If
a < w, is a limit ordinal and € Lgo Uy have been defined for § < a we put £,
=Upca Bp> Lo =Upcq [ and take u, to be the unique map £, — [, with
u Ity =ug forf<a.

Supposc a =+ 1and €,,0,,u, have been defined for vy <. First of
all we shall extend ug to t', the smallest full algebraically closed subfield of €
containing £z and s5. If 53 € €5 then £’ = £5 50 we put u' =ug. Suppose
Sg ¢ Eﬁ and letr,r,, ..., be a transcendence base of t' N R over Eﬁ NR
(the base is countable because €' is countable, the base might be finite or even
void). We shall put £” =alg K[€g,rys..osr,], L7 = EIEK[[B,rl,. cesty]
and define bijective isomorphisms u™; £” — 1" with u® = ug, u"* 11"
u" = identity on £" N R, u"(r,)) =, by ordinary induction. Suppose u” has been
defined. £"” and (" are full (Lemmas 4.2 and 4.4) so, by Lemma 4.5, £" "R =
u"(E" N R)= " NR. Asr,, is transcendental over ¥” it is transcendental
over E” N R = 1" NR and the proof of Lemma 44 withz =r, ., = f(z)
shows that r,,, , is transcendental over L ”. Thus 4" has a unique extension to an
isomorphism v of K[¢", r,,,] onto K[L", 7, ] withv(r, ) =r,4,. fxE
¢n* x >r,4q then f(x)>r,, . As £"is full, f(x) € £" whereasr, ., € £"
s0 f(x)>r,,,. Thus thereisq € Q withf%x)>q >rypandsox>q>r,, .
This conclusion holds trivially if x € £#\£?" andx>r,,, soifx € ", x>
.4 then u"(x) > u"(@q@) = q > r,,,. Similarly if x <r,,, then
u"(x) <r,,, showing that v is order preserving on £ " U {r,,,} and hence on
K[t",r,,,] [4, Lemma 13.12]. By the Artin-Schreier theorem [7, p. 285] v
has an extension #"*! which maps £"%!, the real-closure of K[¢",r,, ] onto
["*1, the real-closure of K[L", r,,,]. The proof of Lemma 4.2 shows that if
a€K[t", r,p ) NRthena €K[E" NR, 7, ] =7 sov(@) =a Ifa€
£7t1 O R then the proof of Lemma 4.3 shows that @ € alg t. Both u" *1 and

= un,
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the identity are order preserving isomorphisms alg ¢ — [ which agree on t so by
7, Corollary, p- 172] they agree on alg v. Thusu” tl= = identity on t"t1NR.

The u” gwe an extenswn u of ug to = Uue"= alg K[tg rys -
If sg € E then t' = E andu' =u If Sg et then it is transcendental over
Now consider the sets

A={0€%,a<s) B={:a€¥,a>s)

L
£.

~

Because t is algebraically closed in ¢ it is real-closed, hence L = }7(?) is real-
closed and so algebraically closed in [. Put

A =u )V {t; tETn[ t< u(a)forsomeaeA},

B =u@BU{t;t€TN I., t > u(a) for all a € A}.

Then A’, B' are countable sets. Lett € TwithA' <t<B'. Smce teE T tis
transcendental over [ and % extends to an isomorphism u of K [E s‘;] onto
K [[ t] with u (sﬁ) =t. u' is clearly order preserving on Tu {sg} so by [4,
Lemma 13.12] on K [E sgl - Again using the Artin-Schreier theorem we extend
u' to the algebraic closure of K [E sgl in E, which is t'. Ifac t'NRthena
is algebraic over K[Eg N R, 7y, 75, ... ] S04 € ¥ and u'(@) =u@) =a. Put U’
=u'(€'). By the argument used above to show £” "R = [" NRwe see £' N
R=U'NR. By Lemmad.lgy'=fso 'NR=¢t' NR=f(E¥)=g(l'*
and ['is full. U'is algebraically closed for the same reason that T was.

We now repeat the whole procedure with ¥4, LB' Sg» Ug replaced by [,
t', t5, (')~ and take u, to be the inverse of the resulting map. This completes
the inductive step.

We define u: U <o, ta ——>Ua‘<wl Lo byulty,=u,. Ua<w1 £, is
full and contains S, Since S is order dense, for each 2 €ER thereiss€ SN #
with f(s) = a. Thus J,< w, t ., contains R. Since it is also algebraically closed

in ¥ itis €. Similarly { =Um<wl Lo

COROLLARY 4.8. Let ¥ be an ordered field containing R and of cardinality
N,. Let | be a real-closed m,-field containing R. Then there is an order preserv-
ing isomorphism u of £ into [ with u|R = identity.

PrROOF. Remarks similar to those at the end of §§13.9 and 13.5 of [4]
apply. By the Artin-Schreier theorem we can assume that € is real-closed. In the
proof we take S to be any transcendence base for € over R and when a = + 1
we take €% = ' and the induction proceeds as before except that if S is count-
able, U< w, Lol replaced by {J,,—, £,. For the final extension to £ we

use the same procedure as was used to extend from £, to € ', applied transfinitely
if necessary.



48 B. E. JOHNSON

COROLLARY 49. If ]'(Vo) has an algebra norm for one free ultrafilter V ,
on N then, under the continuum hypothesis, 1(V*) has an algebra norm for every
free ultrafilter  on N.

ProoF. (V) ="*R(V)° and *R(V )is a real-closed 0, -field of cardinality
%o containing R.

COROLLARY 4.10. If V is a free ultrafilter on N and i(V) has a nontrivial
algebra seminorm then, under the continuum hypothesis, it has an algebra norm

(cf- [9, §4]).

ProoF. Let £ = K[*R(V/), X], the algebra of rational expressions in the in-
determinate X with coefficients from *R(/). We order the polynomial ring lexi-
cographically, P = 0 if the term of lowest degree with nonvanishing coefficient
has a positive coefficient, and take the induced order on the quotient field €. €
is a totally ordered field containing *R(V ) as the polynomials of zero degree, and
hence containing R. The cardinality of £ is 280, pyt L="R(V)andletpbea
nontrivial seminorm on °. Suppose ¢, € 1° with p(ty) #0and £, > 0. In
Corollary 4.8 we can take s, = X. K[t, So] is the field of rational functions
with coefficients from the field of algebraic numbers. Any nonzero element z can
be written in the form

X™(ay +a, X+ + 4, XF)

(b + b, X+ +b,X")

with g;, b; € £y, 8, #0,by #0,m € Z,z € £# if and only if m > 0 and if
m=0,f(z) =ay/by €€y, if m>0,f(z)=0 € t,. ThusK[E,, So] is full and
hence, by Lemma 4.3, £, = alg K[€,,s,]. If z€ £, N R then the proof of 4.3
shows that z = f(z) is algebraic over f(K[E, 5] #) which we have just shown to
be £y. Thus €, "NR=£f,NRand £, = E. The sets A, B are the set of non-
positive algebraic numbers and the set of positive algebraic numbers respectively,
also A = A', B =B'. Thus we may begin our induction by taking u,(sy) = ¢,,
that is, there is an order preserving isomorphism u; ¥ — *R(V) with u = identity
on R, u(X) =t¢,.

We show that p o ul] is really a norm. Suppose ¢ €1, @ > 0. As X
<qaforallg € Q*,we havea X € i. Thus 0 < p(t,) < p(u(@)p U@ 'X))
showing p(u(a)) # 0. A similar argument applies if ¢ <0.

COROLLARY 4.11. Let U/ be a free ultrafilter on N. Under the continuum
hypothesis, if 1 (V) has a nontrivial algebra seminorm p then so does 1(V).

ProoF. Let £ =K[*R(V), X, Y], L = *R(V) where X, Y are indeter-
minates. First of all we put an order on the ring of polynomials in Y with coef-
ficients from *R. We say P> 0 if P =c(ay +a,Y + ++ - +a, Y*) where c €
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*R, c>0,q, € *R* for all i, a; ¢ *RO for some i and the first coefficient not in
*RO js positive. This gives an order on the quotient field K [*R, Y] and we order
t=K[K[*R, Y], X] lexicographically as in 4.10.
Lett € ]"0 with £ > 0, p(t) > 0. There isw € jo with w > ¢1/* for all

n € N because for each sequence {a,} of elements from ¢, there is b € ¢, with
b,- > a,; for all but a finite number of values of j . Define u,|A = identity,
uy(X) =t, uy(Y) = w we have an isomorphism of K[A, X, Y] into [ = *R
where A is the set of algebraic numbers. As u, is order preserving it extends to
to = agK[A, X, Y]. t o is.full. Applying the induction in 4.7 and 4.8 starting
with this definition of ¢, u, we extend u to an order preserving homomorphism
u; £— L. Ifa€jwehave — Y <a<Yin t so — w <u(a) <w which implies u; C
1. Thuspulj is a seminorm on j and an argument similar to that at the end
of 4.10 shows that it is a norm.

S. Norming algebras of power series. Although they involve the continuum
hypothesis, the results of the previous section suggest the problem of norming £ #
for any ordered field £ containing R. One such algebra, the algebra of formal
power series is one variable, has been normed [1]. In this section we extend
these results. The field (X, £) of formal Laurent series in X with coefficients
from a field £ is the set of all expressions 2;;, a, X" wherej€Z,a,€ t. If
i<janda, =0,i<n<jthen Z,;_,;a,X" and Z,_; a, X" are identified. We
define

> 4,X"+ 3 b,X" = 3 (@, +b,)X",
. z

n=j n=j

> 4,X" Y b X" = X < > amb,,> X°.
m=j n=k p=j+k \m+n=p

With these operations Q(X) is a field containing a copy of £, the series with
a, = 0 for n # 0, which we identify with £. If € is an ordered field {(X) is
also an ordered field under the lexicographic ordering. If t is ordered and con-
tains R we put §(X) = {Z2, a,X’; ¢; €E, a5 €t ¥}, F(X) is an algebra over
R and §(X) = 2.

We now define ordered fields €, for each ordinal &, corresponding algebras
84 and projections P g; Fo — g fora =p. PutFo=R=, ¥, =
Xy ), Fow1 = F(Xy, &) where for each ordinal &, X,, is an indetermin-
ate. We define p, 1, o4 = identity on §yy 1, Pasy o (Bimo 4 X1) = aq,
Po+1,8 =PagPa+1,qo for > p. For a limit ordinal a, §, is the projective limit
of the system { g3 Pgys @ > B > 7}, an integral domain because each %,3 is, by
transfinite induction, and € o is the quotient field of & o fa>B,p, 8 is the
projection of F, onto the g coordinate. p,, is the identity on &, .
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For & > 8 we define injections iy, of &, into §, by transfinite induction;
Iy o+ i the injection &, C Q(X,, 8, ) restricted to By, ig o4 1 =y as1p,0
and for « alimit ordinal, B <, A € §y, ige(4) is the element B of §, with
Pay(B) =i, (A)if a> 7> B, PoyB) =pg,(A)if B> v. We have p,gig, =
identity on $§, for f <a. Since €, is the quotient field of §, for all a, iy, ex-
tends to an isomorphsim 5 — Q. We shall identify g g With its image under
this map so that the @, are an expanding system of fields. We put € =
U< wy Qe X = U< w, % o Where w, is the first uncountable ordinal.

Denote the complexification of €, Ko, @, § by R, G4» R, &. These can
be defined in the same way as the §’s and {Q’s but starting from C in placé of R.
They are not totally ordered. We are going to map these algebras into a complex
Banach algebra [ and it seems more natural to work with the complex algebras
@, throughout. We shall use p, to denote the map &, — ¢ obtained by
complexifying the original projections.

The term monomial is defined by transfinite induction. 1 is a monomial.
An element of R, is a monomial if it is of the form aXg where a is a mono-
mial in R , and n € Z. An element of &, where a is a limit ordinal is a monomial
if it is a monomial in Rﬁ for some 8 < . Every monomial can be written
X:;X:zz o X:,"‘ where the n; are integers.

LEMMA 5.1. Let a be a countable ordinal and let A € & ,. Then A is regu-
lar in G, if and only if p,o(A4) # 0.

PROOF. As p,, is a unital homomorphism, if p,o(4) = 0 then 4 is not
regular. We prove the converse implication by induction on «. It is obvious for
a=0. Ifit is true for some value of @ and 4 € €, | with p,,; o(4) # O then
A=32a, X, where ag € G, and pg (@) = Py 0Pa+1,a ) = Pos1,0(4) #
0. Thus a, is regular in €, and so the inverse of 4 in &, , is an element of
€441 If ais alimit ordinal and the result is true for all § <a,let 4 € €, .
For B <@, PgoPagA = PaoAd # 0 50 (pagA) " exists in €. The (PgA)~!
form the inverse of 4 in G .

LEMMA 52. Let o be a countable ordinal and let A € §,,A # 0. Then
there is a monomial M in €, and a regular element B in € , with A = MB.

ProoF. The result is obvious for @ = 0. Suppose it holds for all § < a
and let y be the first value of § with p,, (4) # 0. v is not a limit ordinal so
Poy(A) = Zieo 4 Xf,_l. Let j be the first value of / with a; # 0. j is not 0.
Since 8, _, is the quotient field of §.,_, we have ¢; =M 'B' where B’ is regular
in@.,_, and M' is a monomial in ®, _,. Thus p,, (4) = MB" where M =
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M'X'l;-l is a monomial in ., and B" = B' + 2, , M'~'a, X7/, is regular in
G, because p, B  =p,_, o B'.

We now show that for v < < a there is a regular element By in G with
Pog(4) = MBg;. We have shown this for B =v. If it holds for one value of 8
less than a then p,g, ((4) = pog(A) + Z,_ b, Xg =MBs + Z°_, b, Xj =
MByg, , where By, | = Bg + Z7_ M~'b, X7 is invertible in G4, ,. If 8 isa
limit ordinal with v <§ < « and the result holds for all § with y < < & then
Mpg;(Bg) = pgg'(MBg) = MBy where v < ' < < 50, since § g is an integral
domain, pgg'(Bg) = By and the By define a regular element By of &5 with MB;
= Dos (4).

Since & , is the quotient field of €, m if A is a nonzero element of & , then
A = MB where M is a monomial in &, and B is regular in §, .

9l is the algebra L1(0, 1) with convolution multiplication and U! the alge-
bra obtained by adjoining a unit to . Every element of ¥ is a topological nil-
potent so 2 = Radical Y. An element a of ¥ is a zero divisor if and only if
5 la(t)|dt = 0 for some € > 0. It is easy to see from this that a is a zero divisor
if and only if it is properly nilpotent. If @ is not a zero divisor then @ = [ and
conversely. The nontrivial parts of these results follow from the Titchmarsh con-
volution theorem by methods similar to those of Donoghue [3]. We now select
elements x,, of ¥ which will be the images of the elements X, of €.

LEMMA 53. There is a system {x,;a <w,} of elements of U indexed by
the countable ordinals with x, U = W and x, W' CxjWfora>p,nEZ*.

ProOOF. We proceed by transfinite induction. Let x,, be any nonzero-
divisor in Y. Suppose x, has been defined.

As [x x2 U1 =[x, [x2U] 7]~ we see (x2U)” = UforallnE€Z*. Put
I,y =MN,~, x3U. Application of [8, Lemma 3.1] with R, as left multiplica-
tion by x,, shows I, ; isdensein Y. On I, , we define ||x||, = || yll where y is
the element of ¢ with xJ y = x. y is unique because x is not a zero divisor.
We put [Ixll, = lixll. This sequence of norms makes /,, ; acomplete metric space.
The set £, = {x;x € Y, x =0 on [0,n~!]} is a closed linear subspace in %
which is not dense in Y. Hence /,,, N E,, is a closed proper subspace of I, ,
and, in particular, is nowhere dense in [, ,. Thus, by the category theorem,

net1 Uypy NE)#I,,, 50l contains an element x, ; which is not a

zero divisor in 9.

If a is a limit ordinal we make a similar construction. Writing the ordinals
< a in a sequence { §,} and putting I, = np<ax/3?l2 n;_, (xﬁl cee xp,,)?I
which is dense in ¥ by [8, Lemma 3.1] because Xg, *** %Xg, U is, we define norms

l llg on 1, by lixllg = [l yll where x = xgy. Again I, is a complete metric space



52 B. E. JOHNSON
and so contains an element x, which is not a zero divisor.
COROLLARY 54. If f<atheny — xgy maps I, one to one onto itself.

PROOF. Since the I, are ideals in ¥, y'+—> xzy maps I into I, . Because
xg is not a zero divisor the map is one to one. Suppose a is not a limit ordinal
and x € I, . Then for each n € Z* there is y,, € U with x = x_, y,. As there
isz € A! with XgZ =X, , we have x = x,,x‘:,'_'ll Yn2 =xg¥,2. Thus, because
X is not a zero divisor, y,z =x3=' y,2,n=2,3,...,50y,2€1,. Suppose
a is a limit ordinal and x € I, . Then x = xgw for some w € . Also for each
y with &> > B there are y. , z, € YU withx =x2y, , xy = x4z, . Thusxzw
= X3X, 2, ), 50 that w =Xy),2Z, for all y with @ > y> . This shows
wel,.

LEMMA 5.5. Let a be a countable ordinal and 0, an algebra isomorphism
G, — U with 0,(Xg) = x5 for B < a. Let wdenote the quotient map gl —
W!/I,,,. Then n0, has an extension Y to an algebra homomorphism € ., | —
UYr, ., with Y(X,) = m(x,).

PROOF. Leta € R,. By Lemma 5.2 we have a = X5 ! + - - X !B where
B;<aand BE G,. If B is the largest of the §; then x, %' CxFA Sxg *-°
xg U so there is an element 0 (aX,) of Awith Xg, *tt X, 8(ax,) =x,0,(B).
0 (xX,) is independent of the choice of B, . . . , B,-

We have
0@x,) + 0(bX,) = 0((a+b)Xx,),

0@X,)0(bX,) =10 @X)x,

0@X,)0,(c)=0(@cX,), abER,, cEE,
from which if we define

Gag +a, Xy + 0 +a, XT)=0,(a0) + 0@, X))+ + (@, X )xy~!

where a) € &, q,,...,4q, € &, then we have a homomorphism 0 from the
polynomials in §,, , into %'.

Let A€ €, ,, A =32, a,X  where ay € €, ,a,,a,,--. € R,, ¥(a)
is the element w of %/I ,, with

w—nf(@, *a, X+ +a, XT)EXTU, 1y

for all m in Z*. There is at most one element w with this property. To see that
there is exactly one choose elements y,, of ¥ inductively so that

Yo = 0(“0)’ “yn + -G—(an-HXa) -yn+lxa" < 2-”"xa"—n’
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the choice being possible because x,, U is dense in U. Put
= 2 (Pn + 0@y XY ~ Vni1 X )5

n2m

We then have
2g=0(y ta, Xyt o +a, X7') -y, x0 +z,x7.

Hence 7z, is an element of Y!/I,,, with nzy — 78 (ag +a, X, +++* +a, X7
€ x"U/I,,, for all m. We put y(4) =nz,. Yisamap €., — AL, .,
and is an algebra homomorphism because Y(4) + Y(B) and y(4)y(B) satisfy the
defining condition for y(4 + B) and Y(4B).

COROLLARY 56. Under the same hypotheses as 5.5, if G~ isa subalgebra of
€, it contammg €, and X, and 0 €— ulis an extension of 6, with 0( o)
=X, and 78 = Y on [ then, for all nonzero A in @ X > 0(A)x maps I,
one to one onto itself. 0(A) is not a zero divisor in U'.

ProoF. By Lemma 5.2 we have A = MB where M is a monomial and B is
regular in G, ,. Let b € A with m(b) = Y(B). By Corollary 5.4 x > 6(M)x
maps [, , one to one onto itself as it is the composition of maps x +— XgX and
their inverses. We have n(a A) — 6(M)b) = tll(A) YM)Y(B) =050 6 (4) -
oMb EI Iyyy- Letj€1oy, with (M)j = G(A) OM)b. Thenn(b +j) =
¥(B) and 0(A) G(M)(b + j). Because B is regular, Y(B) is regular in A'/I,, ,
and,as I, C U=Rad U, b +jis regularm Ul Thus x > (b + j)x maps

Ia“ one to one onto itself and hence so does X > 0 (4). Ify € 4! with

0(A)y = 0 then 0(A)x¢,,_,,l y=0s0x4,,» =0and hence y = 0, because
Xo 41 is not a zero divisor and x4 ; €/, 4,

LeEMMA 5.7. Let a be a countable ordinal and 0, an algebra isomorphism
§ o > MU with 0,(X,) = x5, B<a. Then 0, has an extension 8, ;3 €y y
— U with 0041 (Xg) =xg, B<a+ 1. 04, isan algebra isomorphism.

ProoF. Construct ¥ and § asin Lemma 5.5. @ 1s an extension of 6, to
the polynomials in €4, With 8(X5) =x5, <a. Let 6:§ — ! be a maxi-
mal extension of § with 10 = y to a subalgebra Sof & at+1- Lot P, Q€ € with
PQ~' €€, andlet ¢ €U with n(a) = ¢(PQ~"). Then 6(P) - e(Q)ae
kerw=1,,, so, by Corollary 5 6 there isj €1, att with B(Q)] = 0(P) B(Q)a.
Thus b = g + j satisfies 0(P) = G(Q)b and, since 6(Q) is not a zero divisor
(Corollary 5.7), is the only element of %! which does. Defining 0(PQ~1) = b
we extend 8 to € at+1 N R where ® is the subfield of ® ,, ; generated by &

Since 8 is already maximal, €= €.  NR.
IfA € G,,, C R,y is transcendental over & then choose a € A! with
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ma = YA and extend 9 to the subalgebra of €, generated by @ and 4 by

defining 3(A) =a. As¥ is already maximal we see that every element of g is
algebraic over g.

LetAd €6, 1\@. Then A is algebraic over ® . Let P be the minimum
polynomial of 4 over &. The degree of P is at least 2. By the remark at the end
of Lemma 5.2, by multiplying P by a suitable monomial element of &, , ;, and hence
in @ we can assume that the coefﬁclents of P are in € and at least one is regular

in%. Let 0 be a polynomial over & with Q) =0. Then Q = PR for some
polynomial R with coefficients from & . If the coefficients of Q are in & then,
by considering the coefficient of A’ */ in Q where A’ is the lowest degree term in
P with regular coefficient and A is the lowest degree term in R with coefficient
r; such that r; Ir; € € for all coefficients r of R (some 7; have this property, e.g.
the coefﬁcxent of maximum absolute value), we see that the coefﬁclents inR
are allin G. Thus 1fwe can find ' € ! with ma’ = wA (0P)(a ) = 0, where
(] (S, 4, YH =21, (6(4,) Y', then we can extend 8 to the algebra generated

by & and A by deﬁnmg 0(A) = ¢'. This contradicts the maximality of 9§ and
shows & = €t 8 is one to one by Corollary 5.6.

Let a € g with ma = YA. We have (8 P)(@) = yP(4) = 0 s0 (6 P)(@) €
I,.,- AsP(4) = 0is the polynomial of minimal positive degree satisfied by A
P'(A) #0. Thus P'(4) = MB where M is a monomial in § ,, ,, and hence in & ,
and B is regular in Go4 4 (Lemma 5.2). There exists b € QII with (6P’ 1@ =
X (M)b, mb = YB because if b, € U' has 7b, = YB then (0P )@a) — 6(M)b0
E€kerm=1,,, sowe put b = b, +jwherej€E€I,, satisfies GM)j=
(5P')(a) - ’é'(M )b, (Corollary 5.6). b is invertible because mb = Y B is invertible
in¥r1,, andJ at1 S % = Rad %!. Again using Corollary 5.6 let k €1, ,
thh oM )3k = (0 P)(a) We have, by Taylor’s theorem for polynomials,
(6P)@+ O (M)%) = 6 (M)3[k + b + =", ¢, j"] where k€1, C U=
Rad U!, b is 1nvert1b1e cz, ...y € U'. By [6, Lemma 3.28] there isj € U
with k + bj + Z0"_, ¢, j" = 0 As 9L is the set of singular elements of U, b &
Y and Z) 2 c, ]" ! € Wwe see that b + Z7L, ¢, "~ T=cis regular in !
soj=—-c 'k €l,,,. ByLemma54, M EI wiy SOifd =a+ oMY
then @’ = Y4 and (6P)@’) = 0.

Lemma 5.7 provides the inductive step to extend from €, to €, ,. Since
@o = C, Lemma 5.7, together with ordinary induction, shows that §, can be
normed for finite ordinals . To complete the transfinite induction we need
analogues of Lemmas 5.5 and 5.7 which deal with limit ordinals.

LEMMA 58. Let a be a countable ordinal and forall § < a let § 8 be an al-
gebra isomorphism &g — Ul with 6,3(X7) =X, BﬁIG., =0, for y<B. Then
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there is an isomorphism Y: & , — /I, with Y18z = 16, for f < a.

Proor. If «is a successor ordinal then this is Lemma 5.5. If a is a limit
ordinal let B, <, <B, * - be a sequence of ordinals less than « and such that
if 8 < a then § <, for some i. Let 4 €§,. We show that there is exactly one
element w of U/l with

- 1
w—ml (Peg,, A Exg U /1,

for all n. To do this we define elements y, of ¥ inductively so that
y0 = eﬂo(paﬂoA)9

-n -1... -
1yn + 0, = Vo1 %, Il < 27"llxg I lxg _1-1,
where v, € U such that

%80 """ %8 + l(p“an+ lA) - oﬁn(paﬁnA)

0 nl”

= 05n+1(p°‘5n+1A B p"‘BnA)'

. . ’ — - _ @ .
To see that v, exists consider 4 Pag,, , , A-Ppo A€ Brt1 We have
A' = MB where B is regular in § 8 and M is a monomial in §4 by Lemma
, n+1 n+1
52. As Ps, 1 16n A =0and Ps, 4 160 B is regular in (SZ,, we see pg M =0.
Thus if M = X.,l M. & X61 ce Xs , in reduced form (that is none of the

S,isa'yi)with'yl>72>°“ 'ykanda 26,226, thenf,, ,>06, 2
B, and v, >&,. By Lemma 5.3.

oo 1 I+n
x Xy Oy B) € Xy W Cxg 1" UCxg 2o 0 g, %

'Yl oocxslu

1

and hence for some v, € A

xa oooxslop”.‘-l(A'):x‘y] ocox (B)

0
1 Yk Bn+i

=xﬁo LI ) xﬁn_lxsl LRI xalvn’
and so, since the x; are not zero divisors, v, has the required property.
Put

n—1’

Z Un+m T Vpsm yn+m-1-lxlin_,_m)"-'ﬁm_,_l .

X .
n=1 ﬁn+m-—l
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Then z, = 05m+1(p°‘ﬁm+1 A+ Xgy " x,,m(zm — Ym+1) SO W =7z, is as
required.
The remainder of the proof is the same as that of 5.5.

LEMMA 59. Let o be a countable ordinal and for all § < a let 96 be an
algebra isomorphism § g A with Gﬁ(Xy) =x, and 0 l@., =l97 fory<B Then
there is an isomorphism 6 ,: &, — U! with 0,1C5 =0g forall f <a.

ProOF. We take & = Upc, G, 6: € — 2! the map defined by 016,
=04 and ¥ is given by Lemma 5.8. The proof now is almost identical with that
of Lemma 5.7.

THEOREM 5.10. There is an algebra isomorphism 0; € — UL,

PrOOF. Lemmas 5.7 and 5.9 show, by transfinite induction, the existence
of a system {0,; @ < w,} of algebraic isomorphisms 6, ; &, — YU with 0,18
=0gfor f<a. As € =U,c., G, we can define 6 by 6§, =0, for all

a < w. 0 is then the required map.
COROLLARY 5.11. There is an algebra norm on ‘5.

6. Embedding algebras of formal power series in 1. In this section we
show how &, can be embedded faithfully in j(l,, the real algebra obtained by
adjoining a unit to 1, (= jo(V/) for some ultrafilter I/ on N). The process is
similar to Allan’s method for embedding §, in %! [1] in that &, is first embed-
ded in a quotient algebra and this embedding is later lifted to an embedding in
i(l,. This result follows from the isomorphisms constructed in Corollaries 4.8 and
4.11 if we assume the continuum hypothesis. The construction in this section
does not depend on the continuum hypothesis and can be extended in a similar
way to the extensions in §5 of the results of Allan’s.paper.

LEMMA 6.1. Letx € 1o, x> 0,1 =, x" 1'“). Then there is an iso-
morphism : § —13/I with Y(X) = wx where = is the quotient map i} —
i1

ProOF. Put § ={h, hEl},forall n €Z* there is a polynomial P, with
real coefficients such that h — P,(x) € x" io}. b is a subalgebra of io and
P, (x)-P,(x) Ex"],. Because i, C *RC,if Q is a nonzero polynomial of
degree <n and a € I, then IQ(x)| >x"a. Thus P, and P, , have the same
terms of degree < n.

For h € b let &h) = Z,,_, a,,X™ where P, = 20" _, a,, X, foralln. §
is an algebra homomorphism § — &,. We now show & is surjective. Leta =
T g, X' € §,. Consider the sets
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n n
A= {—x"tl 4+ anx”;nEZ‘“z, B= {x"“ +2 ax"nezt
i=0 i=0
injl o- As id isan n,-set (the proof of this is the same as the proof of [4, Lem-
ma 13.7], and A < B, with 4, B countable, there is v G] with 4 <v <B. Put
Vm =X - o a,x") € *R. Then —x <y,, <x 50y, €loandv € b,
Clearly £(v) = a and £(x) = X.
The kernel of £ is I and we take ¥ to be the inverse of the bijection [)-},/1
— &, induced by .

THEOREM 6.2. Let x € 15, x > 0. There is an algebra isomorphism 6 & 1
— 1} with 6(X) = x.

PrROOF. Define ¥ as in the lemma and let @ be the homomorplusm from
the unital subalgebra of %, containing X into ]o with 0(X) = x. Let Gbea
maximal extension of 0 satisfying 0 = Y. Denote the domain of 8 by §. The
proof now follows that of 5.7 up to the point at which we seek a solution j € I
to the equation k + bj + 7, c,j™ = 0 where k €1, b is regular in j} and
CyrverCpy €10,

To show that such a solution exists let b = A1 + &', b’ € 1,, and choose
preimages {k p}, {8,}.{m, p}of k, b', ¢, respectively in Cr» the space of conver-
gent sequences of real numbers. As k = xk' for some k' € i} we can assume
{Kp} € ¢, we can also choose {8,} €c,. Put R, = max(p~!, 31k, A=Y,
Since A # 0, R, is well defined and R, — 0 asp — . For eachn, { 7,,,,} is
a bounded sequence so there is K € R"' with 27 =2|Typl <K forall p. If we
choose p so large that Rp <1, IBPI < |7\I/3,R < K~Y|\|/3 we have, for any

complex number z with |[z] =R s

m
kK, T (A +B,)z + 22 'ynpz" - Az
n=
<Livr, + LR, +( 3 1 1)R2 <2

This shows that the variation of Arg(k, + (A +6,)z + M pZ ™) as z de-
scribes the circle I, centre 0 and radlus R/, once in the positive direction is the
same as the variation of Arg Az, that is 211. Hence for large values of p, K, +
(A +8,)z + Z7_ ;5 752" = 0 has exactly one solution z, inside I',. AsT, is
symmetric about the real axis and the coefficients are real z, is real Ifjis the
element of ]0 corresponding to {z,} € ¢, then j satisfies the polynomial equa-
tion and j € I because j = — (b + Z7_, ¢, j"~ 1y-1k with k € I, the inverse
existing because b is invertible and Z._, ¢, j*le 1o



58 B. E. JOHNSON

REFERENCES

1. G. R. Allan, Embedding the algebra of formal power series in a Banach algebra,
Proc. London Math. Soc. (3) 25 (1972), 329-340. MR 46 #4201.

2. W. G. Bade and P. C. Curtis,Jr., Homomorphisms of commutative Banach algebras,
Amer. J. Math. 82 (1960), 589—608. MR 22 #8354.

3. W. F. Donoghue,Jr., The lattice of invariant subspaces of a completely continuous
quasi-nilpotent transformation, Pacific J. Math. 7 (1957), 1031-1035. MR 19, 1066.

4, L. Gillman and M. Jerison, Rings of continuous functions, University Ser. in Higher
Math., Van Nostrand, Princeton, N.J., 1960. MR 22 #6994.

§. L. Gillman, General topology and its relations to modern analysis and algebra. 11,
Proc. Second Prague Topological Sympos., 1966.

6. L. Hormander, An introduction to complex analysis in several variables, Van Nos-
trand, Princeton, N.J., 1966. MR 34 #2933.

7. N. Jacobson, Lectures in abstract aigebra. Vol. 111: Theory of fields and Galois the-
ory, Van Nostrand, Princeton, N.J., 1964. MR 30 #3087.

8. B. E. Johnson and A. M. Sinclair, Continuity of linear operators commuting with
continuous linear operators. 11, Trans. Amer. Math. Soc. 146 (1969), §33-540. MR 40
#4791.

9. A. M. Sinclair, Homomorphisms from C*-algebras, Proc. London Math. Soc. (3) 29
(1974), 435-452.

SCHOOL OF MATHEMATICS, THE UNIVERSITY, NEWCASTLE-UPON-TYNE,
ENGLAND



